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ProblemsProblems

Description of phase transitions

Microscopic theory

Perturbation theory

Divergent series

Effective limit ??
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Divergent seriesDivergent series

ρ(x) : ℝ → ℝ

ρ(x) ≃ ρk (x) ( x → 0 )

Perturbation theory

x can be not small     

ρk (x) = ρ0(x) ( 1+∑
n = 1

k

an xn )
ρk (x) → ? ( k → ∞ )

Divergent for any   x ≠ 0
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NormalizationNormalization

f k (x) ≡
ρk ( x)

ρ0(x)

f k (x) = 1+∑
n= 1

k

an xn

lim x → 0 f k ( x) = 1
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Optimized perturbation theoryOptimized perturbation theory

uk = uk (x)
Control functions

f k (x) → F k ( x ,uk )

∣ F k+ p( x , uk+ p) − F k (x , uk)∣ < ε

{ F k ( x ,uk (x) ) }
Convergent sequence

Cauchy criterionCauchy criterion

For each       , there exists        , so that ε k ε

for k ≥ k ε , p ≥ 1
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Introduction of control functionsIntroduction of control functions

1. Through initial conditions

2. Through change of variables

3. Through function transformation
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Initial conditionsInitial conditions

H = H 0(u) + ε[ H − H 0(u) ]
ε → 1

ψ(x , u) , Gk ( x , u)

Perturbation theory

F k (x , u) =〈 Â(x ) 〉k

Iterative procedure
B̂ f (x) = 0

Start with F 0( x , u)

F k+1( x , uk+1) =( 1+ B̂ )F k (x , uk)
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Change of variablesChange of variables

x = x k ( z , uk) , z = zk (x , uk)

Substitution of  x
f k (x) = f k ( xk ( z , uk ) )

Expansion in  z
f k ( xk (z , uk) ) → f k ( z , uk)

Substitution of  z
f k ( z , uk) = f k ( zk (x , uk) , uk )

F k (x , uk) = f k ( z k (x , uk ) , uk )
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Function transformationFunction transformation

T̂ (u) f ( x) = F ( x ,u)

f (x) = T̂ (u)F ( x ,u)

F k (x ,uk) = T̂−1
(uk) f k ( x)
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Cauchy cost functionalCauchy cost functional  

C [ u ] =
1
2 ∑n= 0

∞

∣ F n+1(x , un+1) − F n(x , un)∣
2

min∣ F k+1(x ,uk+1) − F k (x , uk)∣

Euler discretization

+
δ F k (x ,uk)

δuk

( uk+1 − uk )

F k+1(x , uk) − F k (x , uk) +

F k+1( x , uk+1) − F k ( x ,uk) →
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OptimizationOptimization  

min ∣ F k+1(x , uk) − F k (x ,uk) +

+
δ F k (x ,uk)

δ uk

( uk+1 − uk )∣
uk weakly varying, difference condition

F k+1( x ,uk ) − F k (x ,uk) = 0

F k weakly varying, differential condition

δ F k ( x ,uk )

δuk

= 0
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DivergenceDivergence  

office

home
pub
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Control functionsControl functions

office

home
pubuk

uk+1

uk+2
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Optimized perturbation theory Optimized perturbation theory 

{ f k (x) }

f k (x) ←→ F k ( x ,uk (x) )

convergent

Control functions uk ( x)

{ F k ( x ,uk (x) ) }

V.I. Yukalov, Thesis (Moscow State University, Moscow, 1973),

V.I. Yukalov, Moscow Univ. Phys. Bull. 3131, 10 (1976),

V.I. Yukalov, Theor. Math. Phys. 2828, 652 (1976).

divergent
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QuestionsQuestions

1. How to improve accuracy, with a given number  
 of perturbative terms??

2. How to choose initial conditions, if several are   
 admissible??

3. How to control procedure stability, when no       
 exact solutions are available??
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Self – similar approximation theorySelf – similar approximation theory  

Approximation order  k                 discrete time

Approximation sequence                cascade trajectory

{ F k ( x , uk ) } ←→ { yk (φ) }

Sequence limit                 fixed point

Control of convergence               stability of dynamics
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Approximation cascadeApproximation cascade

Reonomic constraint

Expansion function

F 0( x , uk ( x) ) = φ , x = xk (φ)

Endomorphism
xk (φ)

yk (φ) ≡ F k ( xk (φ) , uk (xk (φ)) )

Cascade
{ yk (φ): k = 0 ,1 ,2 , ... }

Initial condition
y0(φ) = φ
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Fixed point Fixed point 

effective limit of approximation sequence

{ y k (φ) } ←→ { F k ( x , uk ) }

y0

y∗

k0

y∗(φ)

yk ( y∗(φ)) = y∗(φ)
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Group self – similarityGroup self – similarity    

yk+ p(φ) = yk ( y p(φ) )

Identity for

φ → y∗(φ)

yk+ p = yk⋅ y p , y0 = 1

Semigroup
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y0

y∗

t0

Embedding into flow Embedding into flow 
{ y k (φ): k ∈ ℤ+ } ∈ { y t (φ): t ∈ ℝ+ }

∂
∂ t

y t (φ) = v( y t (φ) )
Lie equation  
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Evolution integralEvolution integral

∫
y k

yk
∗

dy
vk ( y)

= τk

Control time τk

Euler discretization 

vk (φ) = F k+1( xk , uk) − F k ( xk , uk) +

Cascade velocity

+ ( uk+1 − uk )
∂

∂uk

F k ( xk , uk)
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Accuracy improvementAccuracy improvement  

f k
∗
(x ) ≡ F k

∗
( x ,uk ( x) )

Minimal velocity condition    

min ∣ v k ∣ ←→ min C [ u ]

→ uk ( x)

Dynamics 

v k → 0 , f k
∗
→ F k

∫
F k

f k
∗

d φ
vk (φ)

= τk

F k → f k
∗

min ∣ v k ∣ ≠ 0
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Stability conditions Stability conditions 

μk (φ) ≡
∂
∂φ

yk (φ)

Multiplier at fixed point

μk
∗(φ) ≡ μk ( yk

∗(φ))

Local multiplier

Local stability

∣μk (φ)∣ < 1

Stable fixed point
∣μk

∗
(φ)∣ < 1
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Maximal multiplier at fixed pointMaximal multiplier at fixed point

k

μk
∗
= supφ ∣μk

∗
(φ)∣ = supx ∣μk ( f k

∗
(x))∣

Uniformly stable fixed point ∣μk ∣ < 1

0

y∗

y0

y0
'

Minimal of maximal multiplier
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Right root approximantsRight root approximants

f k
∗
(x) = ((...( 1+A1 x )n1 + A2 x2

)
n2 + ... Ak xk

)
nk

from behaviour atAi , ni x → ∞
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Left root approximantsLeft root approximants

f k
∗
(x) = (((...( 1+A1 x )2 + A2 x2

)
3 /2
+ A3 x3

)
4 /3
+...+ Ak xk

)
nk

from behaviour atnk x → ∞

Ai from expansion at x → 0
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Continued root approximantsContinued root approximants

f k
∗
(x) = ( 1+ A1 x ( 1+ A2 x ... ( 1+ Ak x )s)s ... )s

from behaviour ats x → ∞

Ai from expansion at x → 0

For   s = -1, continued fractions, Padé approximants    
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Exponential approximantsExponential approximants

f k
∗
(x) = exp( b1 x exp( b2 x ... exp( bk x ) ) ... )

bn =
an( 1+ a1

2
)

n an−1( 1+ an
2 )

from expansion at x → 0an
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Factor approximantsFactor approximants

f k
∗
(x) = ∏

n=1

N k

( 1+ Ai x )ni

N k = { k /2 , k=2 , 4 , ...
(k+1)/2 , k=3 ,5 , ...

Ai , ni from expansion at x → 0
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N – Component          field theory – Component          field theoryφ
4

H [ φ ] = ∫ {12 [ ∂φ(x)∂ x ]
2

+
m2

2
φ

2
(x) + λ

4 !
φ

4
(x) } dx

φ(x ) = { φn( x): n= 1 , 2 , ... , N }

x = { xα : α = 1 , 2 , ... , d }

φ2( x) ≡ ∑
n=1

N

φn
2(x)

[ ∂φ(x)∂ x ]
2

≡ ∑
n=1

N

∑
α=1

d

[ ∂φn(x)

∂ xα ]
2
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O(N)  symmetrysymmetry

φn(x) → −φn( x) ( n= 1 , 2 , ... , N )

Thermodynamical potential

H [ −φ ] → H [ φ ]

F ≡ −T ln Tr e−βH [φ]

〈 φ 〉 = 0

F (−〈 φ 〉 ) = F ( 〈 φ 〉 )
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Phase TransitionPhase Transition

〈 φ( x) 〉 = 0 ( T > T c )

Spontaneous symmetry breaking

〈 φ(x ) 〉 ≠ 0 ( T < T c )

F (〈 φ( x) 〉 ≠ 0) < F (〈 φ 〉 ≡ 0)

T c

〈 φ 〉

0



  34

Critical exponentsCritical exponents
Critical region 

Specific heat 
CV ∝ τ

−α

τ ≡
∣T −T c ∣

T c

→ 0

External field 

Order parameter 
(function) 〈 φ 〉 ∝ τβ

Compressibility
κT ∝ τ

−γ

h ∝ ∣ 〈 φ 〉 ∣
δ

( T = T c )
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Pair correlation function 

g ( r⃗ ) ∝
exp(−r /ξ )

∣ r⃗ ∣d−2+η

Correlation length 

(∣ r⃗ ∣ → ∞ )

Vertex 

ξ ∝ τ
−ν

( T = T c )

Γ(k ) ∝ 1 + ckω
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Scaling relationsScaling relations

α + β ( 1+ δ ) = 2
GriffithGriffith  

Widom Widom 

γ + β ( 1− δ ) = 0

Rushbrook Rushbrook 

α + 2β + γ = 2
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Hyperscaling relationsHyperscaling relations

Independent:

α = 2 − νd

β = ( d − 2+ η ) ν
2

γ = ( 2− η ) ν

δ =
d + 2− η
d − 2+ η

η , ν , ω
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Critical exponentsCritical exponents

ε ≡ 4 − dSeries from                       expansion

d → 3 , ε → 1

∑
n=0

5

anε
n
→ ∏

i

( 1+ Aiε )
ni
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TableTable
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ConclusionConclusion

Methods for defining limits of divergent series.

Simple calculations.

The results close to other complicated methods, 
such as Padé – Borel summation.

In agreement with Monte Carlo simulations.

For N = -2 and N → ∞, exact known values.
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