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GENERAL

The talk has two parts:
1. A. Parton distributions at low x
2. B. gluon- and quark average multiplicities.

The main common property of both parts is diagonalization.

After diagonalization in both the parts there are two components:

“+" one and “—" one.

The “4+" component contains singularities at N — 1 in the cor-
responding anomalous dimensions and coefficient functions (/N is
Mellin moment number) and requires some resummations. Usually

the component is the object of study.



The “—"

component is free of singularities at N — 1 in the
corresponding anomalous dimensions and coefficient functions. It
has very slow (Q*-dependence (in both the considered cases).

Il But it is strongly necessary for the agreement with experimental
data. !l



Al. Introduction to DIS

A. Deep-inelastic scattering cross-section:
o~ LI FHY
Hadron part F* (Q% = —¢° > 0, z = Q°/[2(pq)]):

]
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where Fy.(z,Q%) (k = 1,2,3,L) - are DIS SF and ¢ and p are

photon and hadron (parton) momentums.



B. Wilson operator expansion: Mellin moments M. (n, Q%) of
DIS SF Fi.(x, Q%) can be represented as sum

Min @)= x O Qi) Al i)
A=V205.0 “Coeff. function

where Ay (n, p1?) =< N[O}, ..., |N > are matrix elements of the
a

Wilson operators O}, .



C. The matrix elements Agy(n, ;%) are Mellin moments of the
unpolarized PD f,(n, 11?).
DGLAP [= Renormgroup] equations:

a2/ Q) = 1?%%%(3)/@ oy, Q). (1)

The anomalous dimensions (AD) v,;(n) of the twist-2 Wilson
(hereafter as = ag/(4m))

operators Om, L

(m) m

1 00
,Vab(n) — /O dr z" Wb%a(x) — mZ:O Vab (n>as ;
All parton densities are multiplies by z, t.e.

structure function = combination of parton densities.



A2. Method

(C.Lopez and F.J.Yndurain, 1980,1981), (A.V.K., 1994)
Here | present briefly the method, which leads to the possibility

to replace the Mellin convolution of two functions

fi(2) ® falo) éfﬁ@mww

by a simple products at small x.



So, if fi(z) = Byi(x,Q?) is perturbatively calculated Wilson ker-
nel and fo(z) = 2 fu(z, Q%) ~ 27 at & — 0, then
f1(x) @ folz) = Mp(1+06,Q°) folw) (2)

where M;.(1 4+ 9, QQ) is the analytical continuation to non-integer
arguments of the Mellin moment My (n, Q?) of Bi(x, Q?):

Mip(n,Q%) = ff 2" *By(z, Q?) (3)

The equation (2) is correct if the moment M;.(n, Q%) has no
singularity at n — 1.

Remember !!!  The Mellin convolution of two functions

fi0)® fole) = f) C;yﬁ(y)fz(x/y)



A3. Generalized double-logarithmic approach

(A.V.K. and G.Parente, 1998),
(A.Yu.lllarionov, A.V.K. and G.Parente, 2004)

(Generalized double asymptotic scaling)

1 Leading order without quarks (a pedagogical example)

At the momentum space, the solution of the DGLAP equation is
My(n, Q%) = My(n,Qg)e s,

where M, (n, Q) are the moments of the gluon distribution,

2 2 (0)
s=In (Zzgggi , as(QQ) = Oésig ) and  dg = vggﬁ(on)

The terms 758%)(71) and 3 are respectively the LO coefficients of

the gluon-gluon AD and the QCD S-function.



For any perturbatively calculable variable ()(n), it is very conve-
nient to separate the singular part when n — 1 (denoted by “Q")
and the regular part (marked as “Q)"):

Qn) = +Q(n)

—

Q

n—1

Then, the above equation can be represented by the form
Mg(n, Qz) = Mg(n, Q%)Q_UZQQSLO/(”_1>€_Egg(7”b>5LO7
with 44 = —=8C'4 and Cy = N for SU(N) group.

Finally, if one takes the flat boundary conditions
(i.e. min information about initial conditions, or

min contribution from initial conditions.)

ffa(%@%) — Aaa — Ma(naQ(Q)) — (4)




1.1 Classical double-logarithmic case (d,,(n) = 0)

(A.D.Rujula, S.L.Glashow, H.D.Politzer, S.B.Treiman, F.Wilczek
and A.Zee, 1974)

Then, expanding the second exponential in the above equation
k

dyaS10)
vl o2 A, I (—dggsr0
g (n, Q%) = kzo k! (n — 1)k+1

and using the Mellin transformation for (ln(l/w))k:

/Ol dllffn_z(ln(l/fwk — (n _kll)]ﬁ_l

we immediately obtain the well known double-logarithmic behavior

1 - k
fil@. @) = Ag > m(=dggsio) (In(1/2)" = Agl(oro),
where Iy(o,0) is the modified Bessel function with argument o =

QMQQSLOln(x). (R.D.Ball and S.Forte, 1994),




1.2 The more general case

For a regular kernel K'(x), having Mellin moment

(nonsingular at n — 1)

K(n) = [ dea" %K (x)

and the PD f,(x) in the form [V(Mln(l/:z:)) we have the following

equation

N

d
In(1/x)

K(2) ® falz) = K(1)fa(z) + O( )



So, one can find the general solution for the LO gluon density

without the influence of quarks

folw, Q%) = Agly(opo)e L0+ O(pp0),
where (R.D.Ball and S.Forte, 1994)

dggtSLO 9LO (0) 4
— — 1 — 22 PN
PLO= i)~ 2n(1/ey 0 99 =224 57
and if

with f as the number of active quarks.



2 Leading order (complete)

At the momentum space, the solution of the DGLAP equation at
LO has the form (after diagonalization)

Ma(n, Q%) = M (n,Q%) + M, (n,Q%) and

M;Z(n, QQ) _ Mczzt(na Q%>6—di(n)s _ ]\4C:LI:€—ciis/(77,—l)e—ai(n)s7
where (afb(n) are projectors)

<O>(n)

ME(n, Q%) = el(n)My(n,Q%),  dyy = 100"
250

(5)

As the singular (when n — 1) part of the + component of the
anomalous dimension is !l 4, = 4,5 = —8C4 Il while the —
component does not exist: !l (4_ = 0) !l | we consider below

both cases separately.



2.1 The “+” component

The analysis of the “+" component is practically identical to the

case studied before. The only difference lies in the appearance of

new terms &7 (n) 11l . If they are expanded in the vicinity of n = 1
in the form 77 (n) = g5y + (n — 1)&};, Il then for the terms
e multiplying M (n, (%), we have the same results as in previous
section:
/\/l_ —d (1
eMyn. Q%) Mo eh A lopo)e 0+ O(pp ).

~1
where the symbol M denotes the inverse Mellin transformation.
The values of o and p coincide with those defined in the previous

section because dy = dgg.



The terms £, that come with the additional factor (n — 1) in

front, lead to the following results

. k
Ay —d . 1 (—dyspo)
1 lispo/(n—=1) _ Ay
(n = 1), ab(n -~ 1) “ab kzo k' (n— 1)k
—1 1 1 . k _
Mo Ay = i deseo) (1)t
= endvrroli(oro),

i.e. the additional factor (n — 1) in momentum space leads to

replacing the Bessel function Iy(or,0) by proli(or0) in x-space.
Thus, we obtain that the term £, (n)M;(n, Q?) leads to the

following contribution in x space !l :

5 lo(or0) + Ehproli(oro) Ape” L0+ O(pr0)



Because the Bessel function [,,(o) has the v-independent asymp-
totic behavior !l €7/\/0 at 0 — oo (i.e. © — 0), the second
term is O(p) and must be kept only !!! when &, = 0. This is the
case for the quark distribution at the LO approximation.

Using the concrete AD values, one has
4 >
fq(2,Q%) = (A g+—A Vo(oro)e 50+ O(prp)  and

@) = L4+ L Agprohioro)e M0 1 0(pro)

where d (1) = 1 + 20f/(2760).



2.2 the “-” component

In this case the anomalous dimension is regular !!l and one has
sgb(n)Abe_d_m)S M égb(l)Abe_d_msLO + O(x)
Using the concrete AD values !l | we have
fiy (@,Q%) = — A =1%10 + O(z) anc
fi (@,@Q%) = Age™ V10 + Ofa),
where d_(1) = 16f/(270)).



Finally we present the full small x asymptotic results for PD and

F5 structure function at LO of perturbation theory:

fa(z,Q%) = £z, Q%) + fi (x,Q%) and
FQ(CE, QQ) — €~ fQ(Za Q2>

where f;,f;, fq and f, were already given before and e =
[ 2

21 7/ f is the average charge square of the f active quarks.

Extension to NLO is trivial and can be found in (A.V.K. and
G.Parente, 1998)



A4. Fits of HERA data

At low x, the structure function Fh(z, Q?) is related to parton
densities as (A.V.K. and G.Parente, 1998)

at LO

Pyl Q%) = 1~ fulr, QP
at NLO
f

Py(z, Q%) = fq<a:cz> + 7 as(Q) fol, Q%))

Fits of HERA experimental data of the structure function F5(z, Q?)
(A.Yu.lllarionov, A.V.K. and G.Parente, 2004)
Il Only three parameters: Q% Agand A,

Agcp cannon be extract in small x Physics.
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A5. Analytical and “frozen” coupling constants

Two modifications of the coupling constant (G.Cuvetic,
A.Yu.lllarinov, B.A. Kniehl, and A.V.K., 2009); (A.V.K. and B.G.
Shaikhatdenov, 2012)

A. More phenomenological.

(G.Curci, M.Greco and Y.Sristava, 1979), (M.Greco, G. Penso and
Y.Sristava, 1980), (N.N.Nikolaev and B.M.Zakharov, 1991,1992),
(B.Badelek,J.Kwiecinski and A.Stasto, 1997), (A.M.Badalian and
Yu.A.Simonov, 1997)

We introduce freezing of the coupling constant by changing its
argument Q% — Q% + MpQ, where M, is sually the p-meson mass.
Thus, in the formulae of the previous Sections we should do the

following replacement

as(Q) = af,(Q7) = as(Q” + Mp) (6)



B. Theoretical approach.
Incorporates the Shirkov-Solovtsov idea (D.V.Shirkov and L.l.Solovtsov,
1997), about analyticity of the coupling constant that leads to the
additional its power dependence.
(K.A.Milton, A.V. Nesterenko, O.Solovtsova, G. Cvetic,
C. Valenzuela, |. Schmidt, O. Teryaev, N. Stefanis, A. Bakulev,
S. Mikhailov, ... )



Then, in the formulae of the previous Section the coupling con-

stant a(Q?) should be replaced as follows

(@) = 0@t - b MO "
& T R Mo
at the LO approximation and
) oo 1 A2
aan(Q°) = as(Q7) — 26002 — A2 T (8)

at the NLO approximation, where the symbol ... marks numerically
small terms.

The replacement (7) and (8) is applicable only for
ruther large values of Q?!!!
For lower (J° values it is better to use the fraction
analytic perturbation theory
(A. Bakulev, S. Mikhailov, N. Stefanis, 2005) , but it

direct application is ruther difficult.
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Table 1: The result of the LO and NLO fits to H1 and ZEUS data for different low Q? cuts. In the fits f is fixed to 4 flavors.

A, A, Q2 [GeV?] | x2/n.o.p.
Q? > 1.5GeV?
LO 0.784+.016 | 0.801+£.019 | 0.3044.003 754/609
LO&an. 0.932+£.017 | 0.707%£.020 | 0.3394-.003 632/609
LO&fr. 1.0224.018 | 0.6504.020 | 0.356+.003 547/609
NLO -0.2004.011 | 0.9034.021 | 0.4954.006 798/609
NLO&an. 0.310£.013 | 0.640+£.022 | 0.7024-.008 655/609
NLO&fr. 0.1804.012 | 0.780+£.022 | 0.661+£.007 669/609
Q? > 0.5GeV?
LO 0.641+.010 | 0.9374.012 | 0.295+.003 | 1090/662
LO&an. 0.846+.010 | 0.771+£.013 | 0.3284.003 803/662
LO&fr. 1.1274.011 | 0.5344.015 | 0.3584+.003 679/662
NLO -0.192+.006 | 1.087+.012 | 0.4784.006 || 1229/662
NLO&an. 0.281£.008 | 0.634+£.016 | 0.680%.007 633/662
NLO&Ar. 0.205+£.007 | 0.650+£.016 | 0.5894-.006 670/662

e Usage of the analytical and “frozen” coupling constants leads

to improvement with data:

e Really, no difference between results based on the analytical and

“frozen” coupling constants.

v2 decreased twicely




IIl" One example of application the analytical and “frozen” cou-
pling constants: (A.V.Kotikov, A.V.Lipatov and N.P.Zotov, 2004)

New H1&ZEUS (2010) experimental data for Fy:

(F.D. Aaron et al., 2010)
there is a good agreement for Q% > 0.5 GeVZ.



Table 2: The results of LO and NLO fits to H1 & ZEUS data with various lower cuts on Q?; in the fits the 1

f is fixed to 4.

| | A, A, | Q3 [Gev?] | xP/nad.f. |
Q? > 5GeV?

LO 0.62340.055 | 1.204-+0.093 | 0.43740.022 1.00
LO&an. 0.79640.059 | 1.103+0.095 | 0.49440.024 0.85
LO&r. 0.782+0.058 | 1.11040.094 | 0.485+0.024 0.82
NLO -0.25240.041 | 1.33540.100 | 0.70040.044 1.05
NLO&an. 0.102-£0.046 | 1.029+0.106 | 1.017+0.060 0.74
NLO&fr. -0.13240.043 | 1.21940.102 | 0.793+0.049 0.86
Q? > 3.5GeV?

LO 0.54240.028 | 1.089-0.055 | 0.369+0.011 1.73
LO&an. 0.75840.031 | 0.962+0.056 | 0.43340.013 1.32
LO&Tr. 0.77540.031 | 0.950+0.056 | 0.43240.013 1.23
NLO -0.31040.021 | 1.24640.058 | 0.556+0.023 1.82
NLO&an. 0.11640.024 | 0.867+0.064 | 0.90940.330 1.04
NLO&Hr. -0.13540.022 | 1.06740.061 | 0.678+0.026 1.27
Q? > 2.5GeV?

LO 0.52640.023 | 1.049+0.045 | 0.35240.009 1.87
LO&an. 0.761-0.025 | 0.919+0.046 | 0.422+0.010 1.38
LO&r. 0.79440.025 | 0.900+0.047 | 0.42540.010 1.30
NLO -0.32240.017 | 1.21240.048 | 0.517+0.018 2.00
NLO&an. 0.13240.020 | 0.825+0.053 | 0.89840.026 1.09
NLO&Hr. -0.12340.018 | 1.016+0.051 | 0.658+0.021 1.31
Q? > 0.5GeV?

LO 0.3660.011 | 1.052-+0.016 | 0.29540.005 5.74
LO&an. 0.6654+0.012 | 0.804+0.019 | 0.35640.006 3.13
LO&r. 0.87440.012 | 0.575+0.021 | 0.36840.006 2.96
NLO -0.44340.008 | 1.26040.012 | 0.387+0.010 6.62
NLO&an. 0.121-0.008 | 0.656+0.024 | 0.764+0.015 1.84
NLO&Hr. -0.07140.007 | 0.71240.023 | 0.529+0.011 2.79
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The results for F5 and for the slope of the SF F5
The double-logarithmic behaviour can mimic a power law shape

over a limited region of =, Q2.

fa(f, Q2> ~ aj_)\gff(x’QZ) and FQ(CE, QQ) ~ gj_)\%];f(xaQZ)
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A6. Conclusion

e | have demonstrated the low x asymptotics of parton densities

and SF FQ.

e Low x asymptotics of F5 are in good agreement with data from
HERA at Q% > 2.5 GeV2.

e Usage of the analytical and “frozen” coupling constants leads to
improvement with data from HERA at Q% < 2.5 GeV?, including
the new H1+ZEUS data for F5.

(F.D. Aaron et al., 2010).



Next steps:

e To add the NNLO corrections (which has ~ 1/(n —1)? poles at
n — 1). So, the NNLO small-z asyptotics ~ exp|~ (In(1/z))%/?)

is more singular then the corresponding LO and NLO ones ~
exp|~ In(1/x)].

e To consider the new H14+-ZEUS data for F%.
(H. Abramowitz et al., 2012).




B1. Average Multiplicities (absract)

e | present the new results (B.Bolzoni, B.A. Kniehl and A.V.K,,
2013) for gluon and quark average multiplicities, which are mo-

tivated by recent progress in timelike small-z resummation ob-

tained in the MS scheme. (C.-H.Korn, A. Vogt and K.Yeats,
2012).

The results contain the next-to-next-to-leading-logarithmic (NNLL)
resummed expressions and depend on two nonperturbative pa-

rameters with clear and simple physical interpretations.

e We did a global fit of these two quantities. Our results solved
a longstandig problem of QCD: a disagreement between the-
oretical predictions for the ration of gluon and quark average

multiplicities and the corresponding experimental data.

e We finally proposed also to use the multiplicity data as a new way



to extract the strong-coupling constant. We obtained agS)(MZ) =
0.1199 4 0.0026 in the MS scheme in an approximation equiva-
lent to next-to-next-to-leading order (NNNLO) enhanced by the
resummations of In x terms through the NNLL level, in excellent

agreement with the present world average.



B2. Introduction 11

When jets are produced at colliders, they can be initiated either
by a quark or a gluon. The two types of jets are expected to exhibit
different properties.

The production of hadrons is a typical process where
nonperturbative phenomena are involved.

However, for particular observables, this problem can be avoided.
In particular, the counting of hadrons. In this case, one can adopt
with quite high accuracy the hypothesis of Local Parton-Hadron
Duality (LPHD ). parton distributions are renormalized
in the hadronization process without changing their
shapes (Ya.l.Azimov, Yu.L.Dokshitzer, V.A.Khoze and S.1. Troyan,
1985). Hence, if the scale @) is large enough, perturbative QCD
privides predictions without an usage of phenomenological models

of hadronization.



However, the computation of average jet multiplici-
ties indeed requires small-z resummation, (A.H.Mueller,
1981) It was shown that the singularities for x ~ 0, which are en-
coded in large logarithms of the kind In”(1/z) and disappear after
resummation. Usually, resummation includes the singularities from
all orders according to a certain logarithmic accuracy, for which it

restores perturbation theory.



Example, in the Mellin space, IV is Mellin moment, w = N — 1:

1
(s ( + Clonst
W

1
— Qs ( + Clonst

. Weft
Qg s Qg Qs

> = > at w —0),
W Weff ll + 8C4as 80Aas 8C 4 ( )

.e.

w2

3C
w%weﬂ:—wll%— Al > (8C qas (at w — 0).

I1ISo, after resummation we have perturbation the-

ory in the parameter ,/ag, not ag.!!!



Small-x resummation has recently been carried out for time-
like splitting fuctions in the MS scheme at the next-to-leading-
logarithmic (NLL) level of accuracy (A.Vogt, 2011). and at the
next-to-next-to-leading-logarithmic (NNLL) level. (C.-H.Korn, A.
Vogt and K.Yeats, 2012).

Thanks to these results, we are able to analytically compute the
NNLL contributions to the evolutions of the average gluon and

quark jet multiplicities.



B3. Fragmentation functions and their evolution

The evolution of the fragmentation functions Dg(z, 1i2) for the

gluon—quark-singlet system a = ¢, s. In Mellin space, is:

0 O [ Ds(w, p?) Ds(w, )

[ PQQ(wa aS) PQC](wa aS)
Op* | Dyg(w, 11?) Dy(w, )

qu(wa CLS) ng(wa CLS)

)

(9)
where P;(w, as), with i, j = g, q, are the timelike splitting func-

tions, w = IN — 1, with NV being the standard Mellin moments with
respect to z, and as(p?) = as(p)/(47) is the couplant.



The standard definition of the hadron average multiplicities in
terms of the fragmentation functions is given by their integral over

x, which corresponds to the first Mellin moment, with w = 0:

(n(@))a = |y dz 2 Da(w, Q)| _ = Dalw =0,Q%)  (10)

The timelike splitting functions P;;(w, as) may be computed per-
turbatively in ag,

o0 k
Pjlw,as) = £ kPP w) (11)

The functions P,L-(@(w) for kK = 0,1,2 in the MS scheme may be
found through NNLO and with small-x resummation through NNLL

accuracy.



B4. Diagonalization

It is not in general possible to diagonalize Eq. (9) because the
contributions to the timelike-splitting-function matrix do not com-
mute at different orders.

The usual approach is then to write a series expansion about
the leading-order (LO) solution, which can in turn be diagonalized.
One thus starts by choosing a basis in which the timelike-splitting-

function matrix is diagonal at LO

Pii(w,as) Poy(w,as)
Py _(w,as) P—_(w,as)

P w) 0
0 P ()

P(w,ag) =

+ a%Pm(w) + O(ag), (12)

_a’S

with eigenvalues Pioi(w).



It is convenient to represent the change of basis for the fragmen-

tation functions order by order for k& > 0:

D—i_(wvﬂ%) — (1 - O‘W)DS(WMM%) - Eng(wnu%)7

D™ (w, 1) = awDs(w, pug) + ewDglw, 1g). (13)
This implies for the components of the timelike-splitting-function
matrix that
PP (w) = auPP(w) + eoPP(w) + Bo PP (w) + (1 — aw) PH(w),

1 — ay

PH ) = PW ) - (Péé?(w) + GWO‘ Péi?(w)) ,
PP (w) = P (w) + PW(w) — PM (w),
Pw) = PRw) - [Pw) - “Pw)

= P - (PR ) - 22 Pw)). 14



where the elements of the matrix for diagonalization (LO pro-

jectors !!)

P -Plw)  Pw)
pY cu)( ~ P () P w) — P
0
P



We make the following ansatz to expand about the diagonal part
of the timelike-splitting-function matrix in the plus-minus basis:

(similary to (A.Buras, 1980) in spacelike case)

>da? B 2 di? )
T iexp/;g MQP(ALQ)l =2 () exp | [l /_LQPD (17°) Z(/:%),)
16
where
D, | Pr+(w) 0
P7(w) = ) P () (17)

iIs the diagonal part and Z is a matrix in the plus-minus basis which

has a perturbative expansion of the form

Z(1?) = 1+ as(p?) Z2M + 0(a?). (18)



After some algebra we find:

28 w) =0,  Z¥(w) =

By + Pioi W



So, we can write the gluon and quark-singlet fragmentation func-

tions in the following way:
Do(w, p”) = D (w,p°) + Dy (w, i), a=g,s, (20)

where D (w, ;%) evolves like a plus component and D (w, u?)
like a minus component.
Finally, we find that

Dy (w, ) = Dy (w, pg) T (w, 117, 1) Hy (w, %), (21)

where

~ Qs 2 d_S
Ti((«d, ,u27 ,LL%) — &Xp /CLS((M’L%)> 6(25)

has a RG-type exponential form and

Pii(w,as)l. (22)



1 — oy

~ Oy ~

D;(wvﬂg) —GWD—'_(CU,ILL%), g( nu()) c D ( MO)
w

Df(w,pg) = DY (w, ), Dy (w,pp) = D™ (w, ). (23)

(the ratios Djt(w, 13)/ DE (w, g have only LO results !!!)
with HF(w, 1) are perturbative functions given by

HE(w, 1) =1 — as(uD) 2L o(w) + 0(dd).  (24)
and
1) 1) 1 — ag) ™! 1) 1)
245 ) = -2 [ 2 ) = 2 w),
(25)

where Zg%c(w) is given by Eq. (19).



B5. Resummation

Reliable computations of average jet multiplicities require re-
summed analytic expressions for the splitting functions because one
has to evaluate the first Mellin moment (corresponding to
w= N —1=0), which is a divergent quantity in the fixed-order
perturbative approach. As is well known, resummation overcomes
this problem, as demonstrated in the pioneering works by Mueller
(A.H.Mueller, 1981) and others (B.I.Ermolaev and V.S.Fadin, 1981),
(Yu.L.Dokshitzer, V.S Fadin and V.A.Khoze, 1982,1983)



For future considerations, we remind the reader of an assumpion

already made (S.Albino, B.Bolzoni, B.A. Kniehl and A.V.K., 2012)
according to which the splitting functions Pﬁkl(w) and R@(w)
are supposed to be free of singularities in the limit w — 0. In fact,
this is expected to be true to all orders. This is certainly true at
the LL and NLL levels for the timelike splitting functions, as was
verified in (S.Albino, B.Bolzoni, B.A. Kniehl and A.V.K., 2012).
This is also true at the NNLL level, as may be explicitly checked by

inserting the results of (C.-H.Korn, A. Vogt and K.Yeats, 2012).

So, the minus components are devoid of singularities

as w — 0 and thus are not resummed.



In order to be able to obtain the average jet multiplicities, we
have to first evaluate the first Mellin momoments of the timelike
splitting functions in the plus-minus basis. According to Eq. (14)
together with the results given in (A.H. Mueller, 1981), (C.-H.Korn,
A. Vogt and K.Yeats, 2012) we have

PEHLL(“ =0) =71 = K170+ Kﬂ%), (26)
where
0 = Pt (w=10) = 2C4as, 27
K=y 4%}2 (1 - 255)] , (28)
Ky = 228 [1193 — 576¢, — 567%? (5 N ngﬂ
+16n£f2% 1+4gi = 12813;’ | (20)




(30)

(31)



For the P, _ component, we obtain
PNNLL (4 = 0) = O(a?). (32)

Finally, as for the P—_ component, we note that its LO expression

produces a finite, nonvanishing term for w = 0 that is of the same

order in ag as the NLL-resummed results in Eq. (26), which leads

us to use the following expression for the P__ component:
3nfTRCE

PNNEL (G = 0) = . as + O(a2), (33)

at NNLL accuracy.



We can now perform the integration in Eq. (22) through the
NNLL level, which yields

NNLL(O Q QO) ;L\]NLL(g

iC d,
TINHQY) = exp | o 1+ (01— 204K2) ax(@)] (ax(Q2)
TNIL(@Q?) = TNHYQ?) = (as(@) " (34

where

bl _ @ J — 8nfTRCF d_|_ _ QCAKl (35)

By’ 3C 48y



B6. Multiplicities

We are now ready to define the average gluon and quark jet

multiplicities in our formalism, namely

<nh(Q2)>Cl = Da(07 Qz) — DC—LI—(O7 Qz) + D;(Oa Q2)7 (36)

with a = g, s, respectively.
On the other hand, from Eqgs. (21) and (23), it follows that

o D+<07Q2) . Oy H+(W7Q2>
r+(Q) = D?(O,QQ) = — Jim ., H?'(w,QQ)’ (37)
oo D7 (0,Q%) . 1—ay Hy (w,Q7%
r-(@7) = Df—m,@?) = e Hﬁf—w,@%' (38)



Using these definitions and again Eq. (21), we may write general

expressions for the average gluon and quark jet multiplicities:
(n(Q7))g = Dy (0, Q0)TE™(0,Q% Q5 Hy (0,Q°)
+ D3 (0, Qg)r—(Q)T(0, @7, Qf) Hy (0,Q7),
Dy (0,Qq) ;
g\ Tres O, Q27 QQ H-|— 07 QQ
T_IZ(Q2> + A( O) g ( )
+ Dy (0,Q8)T75(0,Q%, Q5)Hy (0,Q%).  (39)

At the LO in ag, the coefficients of the RG exponents are given by

<nh(Q2)>S =

HI(0,Q%) =1, Dy (0,Qf) = Di(

fora =g, s.



It would, of course, be desirable to include higher-order correc-
tions in Egs. (40). However, this is highly nontrivial because the
general perturbative structures of the functions HX(w, ;%) and
Z+~ a(w, as), which would allow us to resum those higher-order

corrections, are presently unknown.

On the one hand, it is well-known that the plus compo-
nents by themselves represent the dominant contri-
butions to both the average gluon and quark jet mul-
tiplicities (see, e.g., (M.Schmelling, 1995) for the gluon case and
(I.M.Dremin and J.W.Gary, 2001) for the quark case).



On the other hand, Eq. (38) tells us that Dg_(O,QQ) is sup-
pressed with respect to D (0,Q?) because a, ~ 1 +
O(w). So, keeping r_(Q?) = 0 also beyond LO should
represent a good approximation.

Nevertheless, we shall explain below how to obtain the first nonva-

nishing contribution to r_(Q?).

Furthermore, we notice that higher-order corrections to
HF(0,Q%) and DX (0, QF) just represent redefinitions of D (0, Q7)
by constant factors apart from running-coupling effects. Therefore,

we assume that these corrections can be neglected.



We now discuss higher-order corrections to 7 (Q?).
As already mentioned above, we introduced (B.Bolzoni, B.A. Kniehl
and A.V.K., 2013) an effective approach to perform the resumma-
tion of the first Mellin moment of the “plus’ component of the
anomalous dimension. In that approach, resummation is per-
formed by taking the fixed-order plus component and

substituting w = w.g , where
Weff = 2¢2C 4a5 = 2. (41)

We now show that this approach is exact to O(,/as). We indeed
recover Eq. (27) by substituting w = w,g in the leading singular
term of the LO splitting function P14 (w, as),

4C qa
T

P (w) +O(w"). (42)



We may then also substitute w = w,g in the LO result for 7 (Q?)
(i.e. to Eq. (37)). We thus find

C s(QA)C
T—I—(QQ):C? _\/QCL (g) A

nfTR B 4CanTR

@,
CA 0124 + (CLS)J

(43)
which coincides with the result obtained by Mueller (A.H.Mueller,
1984).

1+ 2

1




For this reason and because (I.M.Dremin and J.W.Gary, 1999) the
average gluon and quark jet multiplicities evolve with only one RG
exponent (only with “plus” component), we can inteprete
the result of (A.Capella, I.M.Dremin, J.W.Gary, V.A. Nechitailo and
J. Tran Thanh Van, 2000) as higher-order corrections to Eq. (43).

So, we use the results of
(A.Capella, I.M.Dremin, J.W.Gary, V.A. Nechitailo

and J. Tran Thanh Van, 2000)
for the ratio gluon and quark average multiplicities

as the estimation for . (Q?).



Since we showed that our approach reproduces exact analytic
results at O(,/ag), we may safely apply it to predict the first non-
vanishing correction to r_(Q?) defined in Eq. (38), which yields

_4nfTR QCLS(QQ)
3 C' 4

7“_(@2) — + O(ay). (44)

For the reader’s convenience, we list here expressions with nu-

merical coefficients for 7, (Q?) through O(ag/Q) and for 7_(Q?)
through O(/as) in QCD with n ¢ = 5:

e (Q7) = 2.25 — 2.18249 a5(Q?) — 27.54 a5(Q?) + 10.8462 a2/ *(Q?) + O(a?
r(Q%) = —2.72166as(Q2) + Olas). (4




In all the approximations considered here, we may summarize

our main theoretical results for the avarage gluon and quark jet

multiplicities in the following way:

(np(Q%))g = n1(QF)TE(0,Q%, QF) + na(QF) r—(Q*)T™(0, Q% Q5),

[res 2 N2 A
(@ = mi@) TP ) 0,02 0B, o

where

Q) -r@) o



The average gluon-to-quark jet multiplicity ratio may thus be

written as _
) L+7r_(Q*)R <c22>7?i22<“@2 il
Q=@ (g reogop|
(ni(@2)):s 1+ 74 (Q)RIQD) Fym o
(48)
where (QQ)
PO _ 12D
Qo) =@ v

It follows from the definition of 7%%5(0,Q2, QF in Eq. (??) and
from Eq. (47) that, for Q° = Q3, Eqs. (46) and (48) become

<nh(Q%)>g — DQ(Oa Q%)? <nh(Q%)>C] — DS(()? Q%)a

2
@ = 5l g <50>




The NNLL-resummed expressions for the average gluon and quark
jet multiplicites given by Eq. (46) only depend on two nonperturba-
tive constants, namely Dy(0, Q%) and Ds(0, Q5). These allow for a
simple physical interpretation. In fact, according to Eq. (50), they
are the average gluon and quark jet multiplicities at the arbitrary
scale ().



B7. Analysis

We are now in a position to perform a global fit to the available
experimental data of our formulas in Eq. (46) in the L.LO + NNLL
(r = Cx/Cp = 2.25, r— = 0), NSLOapprox-l—NNLL (ry =
F'Capellar T'— = 0), , and N3LOapprox+NLO+NNLL (ry = I'Capellas
r— = —2.72166 m) approximations, so as to extract the non-
perturbative constants Dy(0, QF) and Ds(0, Q).

We have to make a choice for the scale )y, which, in
principle, is arbitrary. The perturbative series appears to be

more rapidly converging at relatively large values of (). Therefore,
we adopt ()p = 50 GeV in the following.



LO + NNLL | N°LO, s+ NNLL | N*LOapprox-+ NLO+NNLL
(np(Q3))g24.31 £ 0.85]  24.02 4 0.36 24.17 4+ 0.36
(np(QF)q 1549+ 0.90|  15.83 £ 0.37 15.89 4 0.33

Xiof 18.09 3.71 2.92

Table 3: Fit results for (n,(Q3)), and (n,(Q%)), at Qo = 50 GeV with 90% CL errors and minimum values of x3_; achieved in the LO + NNLL,
NBLOappl‘ox+NNLL7 and NBLOappI‘ox+NLO+NNLL approximations.

We included the measurements of average gluon jet multiplic-
ities and those of average quark jet multiplicities, which include
27 and 51 experimental data points, respectively. The results for
(np(QF))g and (n),(Q3))q at Qp = 50 GeV together with the
X(Qiof values obtained in our LO + NNLL, NSLOapprox—l—NNLLv and
NSLOapprox+NLO+NNLL fits are listed in Table 3. The errors cor-
respond to 90% CL as explained above. All these fit results are in

agreement with the experimental data.
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Figure 1: The average gluon (upper curves) and quark (lower curves) jet multiplicities evaluated from Eq. (46), respectively, in the LO +
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N3LOapprOX+NLO+NNLL results are indicated by the shaded/orange bands and the bands enclosed between the dot-dashed curves, respectively.

In Fig. 1, we show as functions of () the average gluon and
quark jet multiplicities evaluated from Eq. (46) at LO + NNLL

and N3LOapprox—|—NLO—|—NNLL using the corresponding fit results for
<nh(Q%)>g and (n,(Qf))q at Qp = 50 GeV from Table 3.



e Gluon average multiplicity is fitted well like in the previous anal-
ysis (A.Capella, I.M.Dremin, J.W.Gary, V.A. Nechitailo and J.
Tran Thanh Van, 2000). In a sence, the result (based on the plus
components in our approach) should be close to ones obtained
in the framework of the famous modified leading-logarithmic
approximation (MLLA).

e The fit of quark average multiplicity is good because minus com-
ponent: there is the additional contribution with the additional
free parameter D(0, Q?).

The quark-singlet minus component comes with an arbitrary
normalization and has a slow Q? dependence. Consequently,
its numerical contribution may be approximately mimicked by a

constant introduced to the average quark jet multiplicity as in

(P.Abreu et al. [DELPHI Collab.], 1998)



e We can compare our results with the data for the ratio of the
gluon and quark average multiplicities. It is not a fit because all

our parameters have been already fixed.
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Figure 2: The average gluon-to-quark jet multiplicity ratio evaluated from Eq. (48) in the LO + NNLL (dash
N3LOapprox+NLO+NNLL (solid/orange lines) approximations using the corresponding fit results for (nj,(Q3)), and (n,(Q2)), from T
with experimental data. The experimental and theoretical uncertainties in the N3L0approx+NLo+NNLL result are indicated by
bands and the bands enclosed between the dot-dashed curves, respectively. The prediction given by analysis in (A.Capella, I.M
V.A. Nechitailo and J. Tran Thanh Van, 2000) is indicated by the continuous/gray line.



B8. Determination of strong-coupling constant

(5)

Before we took as”’(m%) to be a fixed input param-

eter for our fits. Motivated by the excellent goodness of our
3 3 . o
N°LO,pprox+NNLL and N°LOappr0x+ NLO+NNLL fits, we now in-
clude it among the fit parameters, the more so as the fits
should be sufficiently sensitive to it in view of the wide Q% range

populated by the experimental data fitted to.



N?LO approst NNLL | N*LOgpprox-+ NLO+NNLL
(np(Q3))g  24.18 4 0.32 24.22 4 (.33
(np(QF))q|  15.8640.37 15.88 4 0.35
ot (m ) | 0.1242 + 0.0046 0.1199 + 0.0044
X3t 2.84 2.85
e e SO L s i s o i

We fit to the same experimental data as before and

again put (g = 50 GeV. The fit results are summarized in
Table 4.



We observe from Table 4 that the results of the
N?LOapprox+NNLL and N2LO, o NLO4NNLL fits for (n,(Q5))
and (n;,(Q3)), are mutually consistent. They are also
consistent with the respective fit results in Table 3.

As expected, the values of X(Qiof are reduced by relasing &25)(m22)
in the fits, from 3.71 to 2.84 in the NSLOapprOX—I—NNLL approxi-
mation and from 2.95 to 2.85 in the N3LOapprox—i—NLO+NNLL one.
The three-parameter fits strongly confine &g5>(m22), within an er-
ror of 3.7% at 90% CL in both approximations. The inclu-
sion of the r_(Q?) term has the beneficial effect of
shifting oz@(mQZ) closer to the world average, 0.1184 +
0.0007 (J.Beringer et al. [Particle Data Group Col-

lab.], 2012)



B9. Conclusion 11

e Prior to our analysis, experimental data on the average gluon and
quark jet multiplicities could not be simultaneously described in a
satisfactory way mainly because the theoretical formalism failed
to account for the difference in hadronic contents between gluon
and quark jets, although the convergence of perturbation theory

seemed to be well under control.

e This problem may be solved by including the minus components
governed by TEGS(O,QQ,Q%) The quark-singlet minus compo-
nent comes with an arbitrary normalization and has a slow Q2
dependence. Consequently, its numerical contribution may be
approximately mimicked by a constant introduced to the aver-
age quark jet multiplicity as in (P.Abreu et al. [DELPHI Collab.],
1998).



e Motivated by the goodness of our NSLOappFOX—I—NNLL and NgLOappFOX—I—NLO-I—N
fits with fixed value of @25>(m22) here, we then included a@(m%)
among the fit parameters, which yielded a further reduction of
X3of- The obtained value &25)(m22) = 0.1199 £ 0.0026 is close

to the world average one.

Next steps:

e \We have some problems with a proper resummation of the non-
diagonal terms in the ()*-evolution. We hope to improve this

part of our analysis in our future studies.

e To study the fragmentation functions themselves.



