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NJL model

NJL model Lagrangian , with Nf = 2 and Nc = 3

L = q̄(i/∂ −m0 + µγ0)q + Lint ,

Lint = GS

[
(q̄q)2 + (q̄iγ5τ⃗q)2

]
+ GD

∑
A=2,5,7

(q̄iγ5τ2λAq
c)(q̄c iγ5τ2λAq) .

Thermodynamic potential and grand partition function

Ω(T , µ) = −T

V
lnZ(T , µ) ,Z =

∫
DqD q̄ exp

[∫
d4xE L

]
,∫

d4xE =

∫ β

0
dτ

∫
d3x



Bosonization

Nambu-Gorkov bispinors

Ψ ≡ 1√
2

(
q
qc

)
Ψ̄ ≡ 1√

2

(
q̄ q̄c

)

Z =

∫
DσD π⃗D∆AD∆∗

A exp

[∫
d4xE

(
−σ2 + π⃗2

4GS
−

∆∗
A∆A

4GD

)]
×∫

DΨDΨ̄ exp

[∫
d4xE Ψ̄S−1Ψ

]
,

S−1 ≡
(

i/∂ + µγ0 −m0 − σ − iγ5τ⃗ · π⃗ i∆Aγ5τ2λA

i∆∗
Aγ5τ2λA i/∂ − µγ0 −m0 − σ − iγ5τ⃗

T · π⃗

)
.



Bosonization

Integrated out the bispinor fields

Z =

∫
DσDπ⃗D∆AD∆∗

A e
−
∫
d4xE

{
σ2+π⃗2

4GS
+

|∆A|2

4GD

}
+ 1

2
ln det(βS−1)

.

After Fourier transforming the inverse quark propagator has form

S−1 =

(
(izn + µ∗)γ0 −m − iγ5τ⃗ · π⃗ ∆Aiγ5τ2λA

∆∗
Aiγ5τ2λA (izn − µ∗)γ0 −m − iγ5τ⃗

T · π⃗

)
The combinations m = m0 + σ which can be interpreted as an
effective (constituent) quark mass. Mean-field σ = σMF.



Beyond mean field: gaussian approximation
Shifted fields is introduced,

σ → σMF + σ ,

In addition, the fluctuations contribute to the partition function via
the inverse propagator, which can be written as

S−1 = S−1
MF + Σ ,

with

Σ =

(
−σ − iγ5τ⃗ · π⃗ δAiγ5τ2λA

δ∗Aiγ5τ2λA −σ − iγ5τ⃗
T · π⃗

)
.

The logarithmic term in Z then takes the form

ln det
(
βS−1

)
= Tr ln

(
βS−1

MF + βΣ
)

=

= Tr ln
(
βS−1

MF

)
+ Tr ln(1 + SMFΣ)︸ ︷︷ ︸

Tr(SMFΣ− 1
2
SMFΣSMFΣ)+O(Σ3)



gaussian approximation

partition function in gaussian approximation

ZGauß = ZMF

∫
DσD π⃗DδADδ∗A eA (1)+A (2)

,

with the mean-field partition function ZMF = exp (−βVΩMF)

A (1) = −βV

(
σMFσ

2GS
+

∆MFδ
∗
2 + ∆∗

MFδ2
4GD

)
+

1

2
Tr [SMFΣ] ,

A (2) = −βV

(
σ2 + π⃗2

4GS
+

|δA|2

4GD

)
− 1

4
Tr [SMFΣSMFΣ] .



gaussian approximation

ZGauß = ZMF

∫
DσDπ⃗DδADδ∗A eA (2)

.

We combine all fields in a vector

X =


π⃗
σ
δA
δ∗A

 , X † = (π⃗ T , σ, δ∗A, δA) ,

The trace in the exponent can then be written as

1

2
Tr[SMFΣSMFΣ] = −X †ΠX ,

Combining both parts

σ2 + π⃗2

2GS
+

|δA|2

2GD
+

1

2

T

V
Tr[SMFΣSMFΣ] = X †S̃−1X ,



gaussian approximation

ZGauß = ZMF

∫
DX e−

1
2

∫
d4xE {X †S̃−1X}

= ZMF

[
det

(
β2S̃−1

)]−1/2

︸ ︷︷ ︸
After diagonalizing S̃−1

= ZMF

∏
X

ZX ,

ΩGauß = −T

V
ln ZGauß = ΩMF︸︷︷︸

Ωcond+ΩQ

+
∑

X=M, D, D̄, ...

ΩX ,

ΩX(T , µ) =
dX
2

T

V
Tr ln

[
β2S−1

X (izn,q)
]

=
dX
2
T
∑
n

∫
d3q

(2π)3
ln
[
β2S−1

X (izn,q)
]
.



Generalized Beth-Uhlenbeck equation of state

S−1
X (izn,q) = G−1

X − ΠX(izn,q), SX = |SX| eiδX = SR + iSI ,

δX(ω,q) = − Im ln
[
β2S−1

X (ω − µX + iη,q)
]
,

pX = −ΩX(T , µ) = −dX
2
T
∑
n

∫
d3q

(2π)3
ln
[
β2S−1

X (izn,q)
]
,

=
dX
2
T
∑
n

∫
d3q

(2π)3

∫ ∞

−∞

dω

2π

2

izn − ω
Im ln

[
β2S−1

X (ω + iη,q)
]
,

= −dX
2
T
∑
n

∫
d3q

(2π)3

∫ ∞

−∞

dω

2π

2

izn − (ω − µX )
δX (ω,q) ,

= dX

∫
d3q

(2π)3

∫ ∞

−∞

dω

2π
n−X (ω)δX (ω,q) ,

(
n−X (−ω) = −[1 + n+X (ω)]

)
= dX

∫
d3q

(2π)3

∫ ∞

0

dω

2π
[1 + n−X (ω) + n+X (ω)]δX(ω,q) .

n±X (ω) = 1/{exp[(ω ± µX )/T ] − 1}



Phase shift

ΠX(z , q) = ΠX ,0 +ΠX ,2(z , q) ,

SX(z − µX + iη, q) =
1

G−1
X − ΠX,0 − ΠX,2(z − µX + iη, q)

=
1

ΠX,2(z − µX + iη, q)

1

RX (z2, q) − 1
,

where the auxiliary function

RX (z
2, q) =

1− GXΠX ,0

GXΠX ,2(z − µX + iη, q)

ln SX(z − µX + iη, q)−1 = lnΠX ,2(z − µX + iη, q) + ln[RX (z
2, q)− 1] ,

δX(ω, q) = δX ,c(ω, q) + δX ,R(ω, q) ,

where

δX ,c(ω, q) = − arctan

(
ImΠX ,2(ω − µX + iη, q)

ReΠX ,2(ω − µX + iη, q)

)
,

δX ,R(ω, q) = arctan

(
ImRX (ω

2, q)

1− ReRX (ω2, q)

)
.



Phase shift

1− ReRX (ω
2) ≈ 1− ReRX (ω

2
X )︸ ︷︷ ︸

=0

−(ω2 − ω2
X ) Re

dRX (z
2)

dz2

∣∣∣∣
z=ωX

, (1)

ImRX (ω
2) ≈ ImRX (ω

2
X ) .

From this follows

1− ReRX (ω
2)

ImRX (ω2)
≈ −(ω2 − ω2

X )
Re dRX (z2)

dz2

∣∣
z=ωX

ImRX (ω
2
X )

.

If we now define that

ωXΓX = −
ImRX (ω

2
X )

Re dRX (z2)
dz2

∣∣
z=ωX

,

the resonant phase shift becomes

δX ,R (ω, q) = arctan

(
ωXΓX

ω2 − ω2
X

)
,

which corresponds to the Breit-Wigner form for the spectral density in the
Beth-Uhlenbeck EoS

dδX ,R(ω)

dω
=

2ωωXΓX

(ω2 − ω2
X )

2 + ω2
XΓ2X

.



Phase shift

This form goes over to the spectral density of a bound state when
the width parameter ΓX → 0,

lim
ΓX→0

dδX ,R(ω)

dω
= π [δ(ω − ωX ) + δ(ω + ωX )] ,



Levionson theorem

πnB,X = −[δX (∞) − δX (ωthr)]

∫ ∞

0
dω

1

π

dδX (ω;T )

dω
= 0 =

∫ ωthr(T )

0
dω

1

π

dδX (ω;T )

dω︸ ︷︷ ︸
nB,X (T )

+
1

π

∫ ∞

ωthr(T )
dω

dδX (ω;T )

dω︸ ︷︷ ︸
1
π
[δX (∞;T )−δX (ωthr;T )]

.



Results: phase shift of pion and σ-meson
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Results: phase shift of diquark
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Results: Pressure
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Results: Pressure
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Conclusion

I Mott mechanism for hadron dissociation is demonstrated

I Beth-Uhlenbeck formalism is developed for EoS, describing hadronic correlations
by phase shifts

I Phase shifts are evalulated with T -dependence for pion, σ-meson, diquark and
validity of the Levinson theorem is demonstrated

I outlook: include more hadronic states into this description in order to obtain
accordance with Lattice QCD thermodynamics


