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Introdution BS approah with the separable interation

The Bethe-Salpeter approah is a powerful tool to investigate few-body

ompounds suh as the deuteron, unbound neutron-proton (np) system,

three-nuleon system.

In our investigations the separable kernel of the nuleon-nuleon interation is

widely used. We onsider separable kernel as a nonloal ovariant interation

representing omplex nature of the spae-time ontinuum.
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Historial bakground BS approah with the separable interation

Separable kernel for Shrodinger equation with separable potential

Yoshio Yamaguhi �Two-Nuleon Problem When the Potential Is Nonloal but

Separable. I� Phys.Rev.95, 1628 (1954)

Yoshio Yamaguhi, Yoriko Yamaguhi �Two-Nuleon Problem When the Potential

Is Nonloal but Separable. II� Phys.Rev.95, 1635 (1954)

Nonloal: 〈r|V |r′〉 6= δ(3)(r− r′)
in on�guration spae

〈r|V |r′〉 = −(λ/mN)v∗(r)v∗(r′)

in momentum spae

〈p|V |p′〉 = (λ/mN )g∗(p)g∗(p′)

for S-state: g(p) = 1/(p2 + β2)
for D-state: g(p) = p2/(p2 + β2)2

for the deuteron and sattering problem.
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Historial bakground BS approah with the separable interation

Separable nuleon-nuleon potential was widely uses for the two- and

three-nuleon alulations in nonrelativisti nulear physis

Willibald Plessas et al. Graz, Graz-II potentials, separable representation of the

popular Bonn and Paris potentials

K. Shwarz, Willibald Plessas, L. Mathelitsh �Deuteron Form-fators And E D

Polarization Observables For The Paris And Graz-II Potentials� Nuovo Cim. A76

(1983) 322-329.

J. Haidenbauer, Willibald Plessas �Separable Representation Of The Paris Nuleon

Nuleon Potential� Phys.Rev. C30 (1984) 1822-1839.

Johann Haidenbauer, Y. Koike, Willibald Plessas �Separable representation of the

Bonn nuleon-nuleon potential� Phys.Rev. C33 (1986) 439-446.

g(p) =
∑

n

p2m/(p2 + β2
n)

n,

m orresponds to angular momentum
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Historial bakground BS approah with the separable interation

Lippmann-Shwinger equation → Bethe-Salpeter equation

G. Rupp and J. A. Tjon �Relativisti ontributions to the deuteron

eletromagneti form fators� Phys. Rev. C41. 472 (1990)

p2 → −p2 = −p20 + p2

gp(p, P ) =
1

−p2 + β2

c.m.−→ 1

−p20 + p2 + β2 + iǫ

singularities: p0 = ±
√

p2 + β2 ∓ iǫ
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Graz-II kernel BS approah with the separable interation

Graz-II ovariant kernel, rank III

g
(S)
1 (p0, |p|) =

1− γ1(p
2
0 − p2)

(p20 − p2 − β2
11)

2
, (1)

g
(S)
2 (p0,p) = − (p20 − p2)

(p20 − p2 − β2
12)

2
,

g
(D)
3 (p0, |p|) =

(p20 − p2)(1− γ2(p
2
0 − p2))

(p20 − p2 − β2
21)(p

2
0 − p2 − β2

22)
2
,

g
(D)
1 (p0, |p|) = g

(D)
2 (p0, |p|) = g

(S)
3 (p0, |p|) ≡ 0.

Table : Deuteron and low-energy sattering properties

pD(%) ǫD QD µD ρD/S r0 (Fm) a (Fm)

(MeV) (Fm

−2
) (e/2m)

Covariant Graz-II 4 2.225 0.2484 0.8279 0.02408 1.7861 5.4188

Experimental data 2.2246 0.286 0.8574 0.0263 1.759 5.424
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Graz-II kernel BS approah with the separable interation
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Elasti eD sattering BS approah with the separable interation

Elasti eD sattering ross setion

dσ

dΩ′

e

=
( dσ

dΩ′

e

)

Mott

[

A(q2) +B(q2) tan2
θe
2

]

,

( dσ

dΩ′

e

)

Mott
=

α2 cos2 θe/2

4E2
e (1 + 2Ee/Md sin

4 θe/2)
,

where θe is the eletron sattering angle, Md is the deuteron mass, Ee is the

inident eletron energy.

Deuteron struture funtions A(q2) and B(q2)

A(q2) = F 2
C(q

2) +
8

9
η2F 2

Q(q
2) +

2

3
ηF 2

M(q2)

B(q2) =
4

3
η(1 + η)F 2

M(q2)

where η = −q2/4M2
d = Q2/4M2

d
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Elasti eD sattering BS approah with the separable interation

Relativisti impulse approximation (RIA)

Deuteron urrent matrix element

〈D′M′|JRIA
µ |DM〉 =

ie

∫

d4k

(2π)4
Tr

{

χ̄1M′ (P ′, k′)Γ(S)
µ (q)χ1M(P, k)(P · γ/2− k · γ +m)

}

χ1M(P, k) - the BS amplitude of the deuteron, P ′ = P + q and k′ = k + q/2.
The vertex of γNN interation

Γ(S)
µ (q) = γµF

(S)
1 (q2)− γµq · γ − q · γγµ

4m
F

(S)
2 (q2)

is hosen to be the form fator on mass shell.

The isosalar form fators of the nuleon

F
(S)
1,2 (q

2) = (F
(p)
1,2 (q

2) + F
(n)
1,2 (q

2))/2

with normalization ondition

F
(S)
1 (0) = 1/2, F

(S)
2 (0) = (κp + κn)/2

with κp = µp − 1 and κn = µn being anomalous parts of the proton µp and

neutron µn magneti moments, respetively.
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Elasti eD sattering BS approah with the separable interation

Struture funtions A(q2) and B(q2)
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Elasti eD sattering BS approah with the separable interation

Tensor polarization omponents T20(q
2) and T22(q

2) alulated at θe = 70◦.
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Elasti eD sattering BS approah with the separable interation

Tensor polarization omponent T21(q
2) alulated at θe = 70◦

(a)

Long and short dashes represent alulations with the VMDM and RHOM nuleon

form fators, respetively. The solid urve orresponds to the dipole �t.
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Solution of the BS equation BS approah with the separable interation

Separable ansatz for kernel

Va′a(p
′

0, |p′|; p0, |p|; s) =
N
∑

m,n=1

λr[a′a]
mn (s)g[a

′]
m (p′0, |p′|)g[a]n (p0, |p|)
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Solution of the BS equation BS approah with the separable interation

Solution for the T matrix

Ta′a(p
′

0, |p′|; p0, |p|; s) =
N
∑

i,j=1

τij(s) g
[a′]
i (p′0, |p′|) g[a]j (p0, |p|)

where

[

τij(s)
]

−1

=
[

λr[a′a]
mn (s)

]

−1

+ hij(s),

hij(s) = − i

4π3

∑

a

∫

dk0

∫

k2d|k|
g
[a]
i (k0, |k|)g[a]j (k0, |k|)

(
√
s/2− Ek + iǫ)2 − k20

,

g
[a]
j - the model funtions, λ

[a′a]
ij (s) - a matrix of model parameters.
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Solution of the BS equation BS approah with the separable interation

Analysis

V (p, p′) → Toff−mass−shell(p, p
′) → Ton−mass−shell(p̄, p̄) → (δ, a0, Ed...)

δ - the phase shifts, a0, r0 - the low-energy parameters (the sattering length, the

e�etive range), Ed - the deuteron binding energy.

Proedure (J = 0, 1)

alulate the kernel parameters � λij(s)-matrix and parameter of the g-funtions �

to minimize the funtion χ2
:

χ2 =
n
∑

i=1

(δexp(si)− δ(si))
2/(∆δexp(si))

2
� for all partial-wave states

+(aexp0 − a0)
2/(∆aexp0 )2 � for the

1S+
0 and

3S+
1 partial-wave states

+(Eexp
d − Ed)

2/(∆Eexp
d )2 � for the

3S+
1 -

3D+
1 partial-wave states

{+...}
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Solution of the BS equation BS approah with the separable interation

Covariant generalization of the Yamaguhi-funtions

funtions for g[L](p0, p):

g[S](p0, p) =
1

p20 − p2 − β2
0 + i0

, (2)

g[P ](p0, p) =

√

| − p20 + p2|
(p20 − p2 − β2

1 + i0)2
, (3)

g[D](p0, p) =
C(p20 − p2)

(p20 − p2 − β2
2 + i0)2

. (4)
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Solution of the BS equation BS approah with the separable interation

Results for the phase-shifts
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Solution of the BS equation BS approah with the separable interation

Results for the phase-shifts
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Photodisintegration BS approah with the separable interation

Cross-setion in CMS

dσ

dΩp̂

=
α

16πs

|p̂|
ω

| Mfi |2

with α = e2/4π - the �ne struture onstant

MPWA
fi,IA = −ε(λ)Sp

{

χ̄
(0)
SmS

(pf , Pf )
[

Γ(1) (q) + (−1)S+1Γ(2) (q)
]

Λ(L)

× S
(

L−1( 1
2
(Ki − q) + pf )

)

Γmd

(

L−1(pf − 1
2
q);Ki(0)

)

Λ(L)−1

}

,

MFSI
fi,IA = −ε(λ)

∫

d4p Sp

{

χ̄
(t)
SmS

(p; pf , Pf )
[

Γ(1) (q) + (−1)S+1Γ(2) (q)
]

Λ(L)

×S
(

L−1( 1
2
(Ki − q) + p

)

Γmd

(

L−1(p− 1
2
q);Ki(0)

)

Λ(L)−1

}
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Photodisintegration BS approah with the separable interation

χ̄
(t)
Sms

(p; pf , Pf ) =
i

4π3
S++(p0, |p|; s) (5)

×
[

δS0 δmS0
1√
4π

Ȳ1S+
0

(p) t∗1S+
0

,1S+
0

(0, |p̂|; p0, |p|; s)

+ δS0 δmS0

∑

M

Y1M (θp̂, ϕp̂) Ȳ1P+
1

M
(p) t∗1P+

1
,1P

+

1

(0, |p̂|; p0, |p|; s)

+ δS1 (−)1−mS
1√
3
Y1−mS

(θp̂, ϕp̂) Ȳ3P+
0

(p) t∗3P+
0

,3P+
0

(0, |p̂|; p0, |p|; s)

+ δS1

∑

Mm

C1M
1m1mS

Y1m(θp̂, ϕp̂) Ȳ3P
+

1
M
(p) t∗3P+

1
,3P+

1

(0, |p̂|; p0, |p|; s)

+ δS1
1√
4π

Ȳ3S+
1
mS

(p) t∗3S+
1
,3S+

1

(0, |p̂|; p0, |p|; s)

+ δS1

∑

M

C1M
2M−mS1mS

Y2M−mS
(θp̂, ϕp̂) Ȳ3S+

1
M
(p) t∗3S+

1
,3D

+

1

(0, |p̂|; p0, |p|; s)

+ δS1
1√
4π

Ȳ3D+
1
mS

(p) t∗3D+
1
,3S+

1

(0, p̂; p0, |p|; s)

+ δS1

∑

M

C1M
2M−mS1mS

Y2M−mS
(θp̂, ϕp̂) Ȳ3D+

1
M
(p) t∗3D+

1
,3D+

1

(0, |p̂|; p0, |p|; s)
]
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Photodisintegration BS approah with the separable interation
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Photodisintegration BS approah with the separable interation
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Photodisintegration BS approah with the separable interation
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BS equation: MY(I)N BS approah with the separable interation

Motivation for MY(I)N kernel

Consider integral

∫

dk0

∫

k2d|k| [g(k0, |k|)]2
(
√
s/2− Ek + iǫ)2 − k20

Simple poles of propagators

k
(1,2)
0 = ±

√
s/2∓ Ek ± iǫ

Taking into aount pole and Yamaguhi-like type of g(k0, |k|) = 1/(k20 −k2−β2)

(2πi)

∫

k2d|k| 1

(s/4−√
sEk +m2 − β2)2

1√
s− 2Ek + iǫ
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BS equation: MY(I)N BS approah with the separable interation

Motivation for MY(I)N kernel

Consider numerator f = s/4−√
sEk +m2 − β2

If 4(m− β)2 < s < 4(m+ β)2 then always f < 0 and funtion 1/fn
is

integrable for any integer n and any Ek.

For bound state s = M2
d = (2m− ǫD)2. Sine for βmin = 0.2 GeV always

βmin > ǫD/2 then funtion 1/fn
is integrable for any integer n and any Ek.

If 4(m− β)2 > s > 4(m+ β)2 then f an be positive and negative and 1/fn

is non-integrable for even n and any Ek.

Critial value for sc = 4(m+ β)2 orresponds to laboratory kineti energy of np
pair T c

lab = 4β + 2β2/m ≃ 4β. If βmin = 0.2 GeV then Tmin
lab = 0.8 GeV.

The solution is to hange g(k0, |k|)

gY(k0, |k|) = 1/(k20 − k2 − β2) → gMY(k0, |k|) = 1/((k20 − k2 − β2)2 + α4)

here Y stands for Yamaguhi-like and MY - for Modi�ed Yamaguhi
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BS equation: MY(I)N BS approah with the separable interation

Modi�ed Yamaguhi funtions

g
[a]
i (p0, |p|) =

(pci − p20 + p2)ni(p20 − p2)mi

((p20 − p2 − β2
1i)

2 + α4
1i)

ki((p20 − p2 − β2
1i)

2 + α4
1i)

li

All parameters - ni,mi, ki, li (integer), pci, β1i, β2i, α1i, α2i (real) - depend on

hannel [a].
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BS equation: MY(I)N BS approah with the separable interation

Contour for integration over p0: the Wik rotation

p
0
(1)

p
0
(4)

p
0
(5)

p
0
(2)

p
0
(3)

p
0
(6)
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BS equation: MY(I)N BS approah with the separable interation

Separable ansatz for omplex kernel

Va′a(p
′

0, |p′|; p0, |p|; s) =
N
∑

m,n=1

[

λr[a′a]
mn (s) + iλr[a′a]

mn (s)
]

g[a
′]

m (p′0, |p′|)g[a]n (p0, |p|)

underlined part ≡ MYN kernels, the sum ≡ MYIN kernels

λi
mn(s) = θ(s− sth)

(

1− sth
s

)

λ̄i
mn

sth - the inelastiity threshold. Here MY stands for Modi�ed Yamaguhi.
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BS equation: MY(I)N BS approah with the separable interation

Solution for the T matrix

Ta′a(p
′

0, |p′|; p0, |p|; s) =
N
∑

i,j=1

τij(s) g
[a′]
i (p′0, |p′|) g[a]j (p0, |p|)

where

[

τij(s)
]

−1

=
[

λr[a′a]
mn (s) + iλr[a′a]

mn (s)
]

−1

+ hij(s),

hij(s) = − i

4π3

∑

a

∫

dk0

∫

k2d|k|
g
[a]
i (k0, |k|)g[a]j (k0, |k|)

(
√
s/2− Ek + iǫ)2 − k20

,

g
[a]
j - the model funtions, λ

[a′a]
ij (s) - a matrix of model parameters
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BS equation: MY(I)N BS approah with the separable interation

Analysis

V (p, p′) → Toff−mass−shell(p, p
′) → Ton−mass−shell(p̄, p̄) → (δ, ρ, a0, Ed...)

δ - the phase shifts, a0, r0 - the low-energy parameters (the sattering length, the

e�etive range), Ed - the deuteron binding energy.

Proedure (J = 0, 1)

alulate the kernel parameters � λij(s)-matrix and parameter of the g-funtions �

to minimize the funtion χ2
:

χ2 =
n
∑

i=1

(δexp(si)− δ(si))
2/(∆δexp(si))

2
� for all partial-wave states

n
∑

i=1

(ρexp(si)− ρ(si))
2/(∆ρexp(si))

2
� for all partial-wave states

+(aexp0 − a0)
2/(∆aexp0 )2 � for the

1S+
0 and

3S+
1 partial-wave states

+(Eexp
d − Ed)

2/(∆Eexp
d )2 � for the

3S+
1 -

3D+
1 partial-wave states

{+...}
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BS equation: MY(I)N BS approah with the separable interation

Phase shifts for

1P
+
1 ,

3P
+
0 ,

3P
+
1 and

1S
+
0 partial-wave states
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BS equation: MY(I)N BS approah with the separable interation

Phase shifts and inelastiity parameter for triplet

3S1-
3D1 state
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BS equation: MY(I)N BS approah with the separable interation

Phase shifts and inelastiity parameter for triplet

3S1-
3D1 state

Table : Deuteron and low-energy sattering properties

a0t r0t pD Ed ρD/S µd

(fm) (fm) (%) (MeV) (e/2m)

MY6 5.42 1.800 4.92 2.2246 0.0255 0.8500

Graz-II 5.42 1.779 5 2.2254 0.0269 0.8512

Paris 5.43 1.770 5.77 2.2249 0.0261 0.8469

CD-Bonn 5.4196 1.751 4.85 2.2246 0.0256 0.8522

Exp. 5.424(4) 1.759(5) 4-7 2.224644(46) 0.0256(4) 0.8574
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Elerodisintegration BS approah with the separable interation

Unpolarized exlusive ross-setion

The 5-fold di�erential ross setion in one-photon approximation (in laboratory

system - LS)

d3σ

dE′

edΩ
′

edΩp

=
σ
Mott

8Md(2π)3
p2
p

√
s√

1 + η|pp| − Ep
√
η cos θp

×
[

l000W00 + l0++(W++ +W−−) + 2l0+−
cos 2φ ReW+− − 2l0+−

sin 2φ ImW+−

−2l00+ cosφ Re(W0+ −W0−)− 2l00+ sinφ Im(W0+ +W0−)
]

σMott = (α cos θ
2/2Ee sin

2 θ
2 )

2
- Mott ross setion

α = e2/(4π) - �ne struture onstant
Md - mass of the deuteron, m - mass of the nuleon

q = pe − p′e = (ω, q) - momentum transfer

pe = (Ee, l) and p′e = (E′

e, l
′) - initial and �nal eletron momenta

Ω′

e - outgoing eletron solid angle

pp - momentum of outgoing proton

Ωp = (θp, φ) - outgoing proton solid angle

η = q2/s - Lorentz boost fator
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Elerodisintegration BS approah with the separable interation

Matrix element

Plane-wave approximation

< np : SMS |jµ|d : 1M >(0)= i
∑

n=1,2

{Λ(L−1)χ̄SMS
(p∗

CM

;P CM)Λ(L)Γ(n)
µ (q)

×S(n)(
K(0)

2
− (−1)np∗ − q

2
)ΓM (p∗ + (−1)n

q

2
;K(0))}

Final-state interation

< np : SMS |jµ|d : 1M >(t)=
i

4π3

∑

n=1,2

∑

LmJMJL′lm′

CJMJ

LmJMJ
YLm(p̂∗)

∞
∫

−∞

dpCM0

∞
∫

0

(pCM)
2
d|pCM|

1
∫

−1

d cos θCM
p

2π
∫

0

dφ

Sp

{

Λ(L−1)ȲJL′SMJ
(pCM)Λ(L)Γ(n)

µ (q)S(n)

(

K(0)

2
− (−1)np− q

2

)

YJlSm′

(

p+ (−1)n
q

2

)}

T ∗

L′L(p
CM

0 , |pCM|; 0, |p∗|; s)
(
√
s/2− E

p

+ iǫ)2 − p20
gl
(

p0 + (−1)n
ω

2
,
∣

∣

∣p+ (−1)n
q

2

∣

∣

∣

)
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Elerodisintegration BS approah with the separable interation
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Cross setion depending on reoil neutron momentum |pn| alulated under kinemati

onditions set I, II of the Saley experiment (SI ,SII). MY6 (PWA) (red solid line) -

relativisti alulation in the plane-wave approximation with the MY6 potential; MY6

(FSI) (blue dashed line) - relativisti alulation inluding FSI e�ets; NR (PWA) (violet

dotted line) - nonrelativisti alulation (Shebeko et al.)
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Elerodisintegration BS approah with the separable interation
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The same as in previous �gures but under kinemati onditions set III of the Sale

experiment (SIII). Two additional results are presented for omparison: MY6 (PWA)

(pink dashed-dotted-dotted line) - relativisti PWA alulation; MY6 (FSI) (orange

dashed-dotted line) - relativisti alulation with FSI e�ets; both obtained under urrent

onservation ondition ωJ0 = qzJz
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Conlusion BS approah with the separable interation

Conlusion

The multirank separable omplex kernels of the neutron-proton interation

for the partial-states with the total angular momentum J = 0, 1 were

onstruted using the analyses of the NN -sattering observables

The obtained kernels for the states with the total angular momentum J=0,1
were used to alulate �nal-state interation e�ets for the photo- and

eletrodisintegration of the deuteron
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