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(g − 2)µ - motivation

Dirac Equation for Predicts for point-like spin 1/2 charged particles:
g = 2

i~
∂ψ

∂t
= [

p2

2m
− e

2m
(~L+ 2~S) ~B]ψ (1)

A charged particle with spin S has a magnetic moment µ

LI = ~µS
~B; ~µS = gS(

e

2m
)~s;

a =
gS − 2

2
; µ = (1 + a)

eh

2m
(2)



(g − 2)µ - motivation

We have a general form of element of interaction muon with external
electromagnetic fields is

−ieū(p′)
{
γµF1(q

2)+ iσµν

qν
2m

F2(q
2)+γ5σµν

qν
2m

F3(q
2)

}
u(p)eµ(q) (3)

F1 - is the electric charge distribution
F2 - corresponds to Anomalous Magnetic Moment(AMM)

a = (g − 2)/2 = F2(0)

F3 - is Anomalous Electric Dipole Moment

However in SM a 6= 0. This is due to Radiative Correction



(g − 2)µ - motivation

Total Contribution in Anomaly in SM is sum: QED, Hadronic
correction, weak correction, SUSY and other physics



(g − 2)µ - motivation

We have fantastic measurable value AMM of electron (Harvard, 2008)

aexp
e = 1159652180.73(0.28)× 10−12[0.24ppb] (4)

atheor
e = 1159652460.73× 10−12 (5)

aSM
e = ae(QED) + +ae(Hadron) + ae(Weak);

ae(QED) =

5∑

n=1

C2n(
α

π
)n + ...;

The theoretical error is dominated by the uncertainty in the input
value of the QED coupling α = e2/(4π)

α−1 = 137.035999084(51)[0.37ppb] (6)

QED is at the level of the best theory ever built to describe nature



(g − 2)µ - motivation. Lepton Anomaly

◮ Electron anomaly is measured extremely accurately. QED test.

◮ It is the best for determining α

◮ For a lepton L, Mass Scale contributes to aL as (
m2

L

Λ2 )

◮ Muon anomaly is measured to 0.5 parts in a million (ppm) SM
test.

◮ Thus muon AMM leads to a (mµ/me)
2 ∼ 40000 enhancement of

the sensitivity to New Physics versus the electron AMM, the
muon anomaly is sensitive to ≥ 100 GeV scale physics.



(g − 2)µ. Why not tay?

◮ Tau due to its highest mass is the best for searching for New
Physics,

◮ But Tau is short living particle, so the precession method is not
perspective

◮ The best existing limits (see S. Eidelman, M. Passera, 2007)

−0.052 < aExp
τ < 0.013 (7)

◮ are obtained at OPAL, L3 and DELPHI (LEP, CERN) from the
high energy process e+e− → e+e−t+t−,

◮ While the SM estimate is

aSM
τ = 1.17721(5)× 10−3 (8)



(g − 2)µ.

1. Anomalous magnetic momentum of muon aµ = (g − 2)µ is
measured in experiment E821(BNL) with high precision

aexp
µ = 11 659 208.0(6.3) · 10−10.

Prediction on SM:

atheory
µ = 11 659 179.0(6.5) · 10−10.

2. The difference between Experiment measurement and SM
prediction

aexp
µ − atheory

µ = 29.0(9.0) · 10−10.
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(g − 2)µ. Hadron contribution

aHV P
µ = (692.3± 4.2) × 10−10(Davier, Hoecker, Zhang) (9)

◮ Hadronic Vacuum Polarization contributes 99% and half of error
Fixed by Experiment

◮ Light-by-light process contributes 1% and half of error. And LbL
contribution is model depending.



NχQM

Calculation is made in framework non-local chiral quark model:

L = q̄(x)(i∂̂ −mc)q(x) +
G

2
[Ja

S(x)Ja
S(x) + Ja

P (x)Ja
P (x)]

− H

4
Tabc[J

a
S(x)Jb

S(x)Jc
S(x) − 3Ja

S(x)Jb
P (x)Jc

P (x)] (10)

Tabc =
1

6
ǫijkǫmnl(λa)im(λb)jn(λc)kl,

Current is write as:

Ja
M (x) =

∫
d4x1d

4x2 f(x1)f(x2) q̄(x− x1) Γa
Mq(x+ x2), (11)

q(x) → Q(x, y) = q(y)Pexp(−i
∫ y

x

dzµAµ(z)) (12)



NχQM

we obtain effective action after procedure of bosonisation:

S = ln detA−
∫
d4x

[
σaSa + πaP a +

G

2
(SaSa + P aP a)

+
H

4
Tabc(S

aSbSc + SaP bP c)

]

where

A = (p̂−mc)δ(p− p′) + f(p)[σa(p− p′) + iγ5πa(p− p′)]λaf(p′)



NχQM / mixing

For allocation contributions of physical mesons we must take into
account mixing effect

(
η
η′

)
=

(
cos θP − sin θP

sin θP cos θP

) (
η8
η0

)
,

(
σ

f0(980)

)
=

(
cos θS − sin θS

sin θS cos θS

) (
σ8

σ0

)
. (13)

In results meson fields is write as:

Va0

(
P 2

)
= iga0

(P 2)λ3,

Vσ

(
P 2

)
= igσ(P 2)

(
λ8 cos θS(P 2) − λ0 sin θS(P 2)

)
, (14)

Vf0

(
P 2

)
= igf0

(P 2)
(
λ8 sin θS(p2) + λ0 cos θS(P 2)

)
,



Light-by-Light
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Figure: Contribution of processes scattering light-by-light with
intermediate meson state.



Light-by-Light
Basis element for calculation of contribution in AMM of muon is
tensor four order of vacuum polarization.

Πµνλρ(q1, q2, q3) =

∫
d4x1

∫
d4x2

∫
d4x3e

i(q1x1+q2x2+q3x3)×

× 〈0|T (jµ(x1)jν(x2)jλ(x3)jρ(0))|0〉 (15)

AMM of muon is obtained of form-factor:

aLbL
µ =

1

48mµ

Tr ((p̂+mµ)[γρ, γσ](p̂+mµ)Πρσ(p, p)) , (16)

where

Πρσ(p′, p) = −ie6
∫

d4q1
(2π)4

∫
d4q2
(2π)4

1

q21q
2
2(q1 + q2 − k)2

×

× γµ p̂′ − q̂1 +mµ

(p′ − q1)2 −m2
µ

γν p̂− q̂1 − q̂2 +mµ

(p− q1 − q2)2 −m2
µ

γλ×

× ∂

∂kρ
Πµνλσ(q1, q2, k − q1 − q2), (17)

mµ is the muon mass, kµ = (p′ − p)µ and it is necessary to consider
the limit kµ → 0.



Light-by-Light

Corresponding polarization tensor have connect with intermediate
meson state as:

Πµνλρ(q1, q2, q3) = (18)

i
∆µν(q1 + q2, q1, q2)∆

λρ(q1 + q2, q3, q1 + q2 + q3)

(q1 + q2)2 −M2
+

+ i
∆µρ(q2 + q3, q1, q1 + q2 + q3)∆

νλ(q2 + q3, q2, q3)

(q2 + q3)2 −M2
+

+ i
∆µλ(q1 + q3, q1, q3)∆

νρ(q1 + q3, q2, q1 + q2 + q3)

(q1 + q3)2 −M2
,



Light-by-Light

∂

∂kρ
Πµνλσ(q1, q2, k − q1 − q2) =

i
∆µν(q1 + q2, q1, q2)

(q1 + q2)2 −M2

∂

∂kρ
∆λσ(q1 + q2,−q1 − q2, k)

+ i
∆νλ(−q1, q2,−q1 − q2)

q21 −M2

∂

∂kρ
∆µσ(−q1, q1, k) (19)

+ i
∆µλ(−q2, q1,−q1 − q2)

q22 −M2

∂

∂kρ
∆νσ(−q2, q2, k) +O(k).

Where

∂

∂kρ
∆µν

S (−q, q, k) = AS∗γ∗γ∗(q2, q2, 0)(gµνqρ − qνgµρ)+

+ B′

S∗γ∗γ∗(q2, q2, 0)

(
qµqνqρ

q2
− qνgµρ

)
+O(k). (20)



Light-by-Light

After averaging over the momentum expression for calculation from
processes LbL takes the form:

aLbL
µ = −2α3

3π2

∞∫

0

dQ2
1

∞∫

0

dQ2
2

1∫

−1

dt
√

1 − t2
1

Q2
3

×

×
∑

mesons

[
2

NS
1

Q2
2 +M2

S

+
NS

2

Q2
3 +M2

S

]
, (21)

NS
1

=
∑

X=A,B′

∑

Y=A,B

XS

(
Q2

2;Q
2
2, 0

)
YS

(
Q2

2;Q
2
1, Q

2
3

)
TsXY

1
,

NS
2

=
∑

X=A,B′

∑

Y=A,B

XS

(
Q2

3;Q
2
3, 0

)
YS

(
Q2

3;Q
2
1, Q

2
2

)
TsXY

2
,

For pseudoscalar we have distinction that function B′ = 0 and
respectively Ts will have simple form.



Light-by-Light / meson to two photons
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Figure: Diagrams of decay meson into two photons.



Light-by-Light / meson to two photons

A (γ∗ (q1, ǫ1) γ
∗ (q2, ǫ2) → P ∗ (p)) = −ie2εµνρσǫ

µ
1 ǫ

ν
2q

ρ
1q

σ
2 FP∗γ∗γ∗

(
p2; q21 , q

2
2

)
,

where q1,2 - momentum of photons , and ǫ1,2 is vector of polarization,
p = q1 + q2. For different pseudoscalar states we have:

Fπ∗

0
γ∗γ∗

(
p2; q21 , q

2
2

)
= gπ(p2)Fu

(
p2; q21 , q

2
2

)
,

Fη∗γ∗γ∗

(
p2; q21 , q

2
2

)
=
gη(p2)

3
√

3
×

×
[(

5Fu

(
p2; q21 , q

2
2

)
− 2Fs

(
p2; q21 , q

2
2

))
cos θ(p2)−

−
√

2
(
5Fu

(
p2; q21 , q

2
2

)
+ Fs

(
p2; q21 , q

2
2

))
sin θ(p2)

]
,

Fη′∗γ∗γ∗

(
p2; q21 , q

2
2

)
=
gη′(p2)

3
√

3
× (22)

×
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5Fu

(
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2
2

)
− 2Fs

(
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2
2
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+
√

2
(
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(
p2; q21 , q

2
2

)
+ Fs

(
p2; q21 , q

2
2

))
cos θ(p2)

]
,



Light-by-Light / meson to two photons

For different scalar meson states we have:

Aa0

(
p2; q21 , q

2
2

)
= ga0

(p2)Au

(
p2; q21 , q

2
2

)
,

Aσ

(
p2; q21 , q

2
2

)
=
gσ(p2)

3
√

3
×

×
[
5Au

(
p2; q21 , q

2
2
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√
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−
√

2As
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2
2
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(
√

2 cos θS(p2) + sin θS(p2))

]
,
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2
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=
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3
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3
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×
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2
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√
2 cos θS(p2))−

−
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2As
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2
2
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(
√

2 sin θS(p2) − cos θS(p2))

]
.



Light-by-Light / meson to two photons

Form-factor of pion into two photons is write as:

Fi

(
p2; q21 , q

2
2

)
= 8

∫
d4

Ek

(2π)4
f(k2

1)f(k2
2)

Di(k2
1)Di(k2

2)Di(k2)
×

×
[
mi(k

2) − m
(1)
i (k1, k)J1 − m

(1)
i (k2, k)J2

]
,

J1 = k2 +
q22(kq1)(k1q1) − q21(kq2)(k1q2)

q21q
2
2 − (q1q2)2

, (24)

J2 = k2 +
q21(kq2)(k2q2) − q22(kq1)(k2q1)

q21q
2
2 − (q1q2)2

,

where
k1 = k + q1; k2 = k − q2; (25)



Light-by-Light / meson to two photons

In special kinematic we have

Fi

(
q21 ; q

2
1 , 0

)
= 8

∫
d4

Ek

(2π)4
f(k2

1)f(k2)

Di(k2
1)D2

i (k
2)

× (26)

×
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mi(k
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(1)
i (k1, k)J1 −m′

i(k
2)J2

]
,

J1 (k, q1) = (kq1) +
2

3

[
k2 + 2

(kq1)
2

q21

]
,

J2 =
4

3

[
k2 − (kq1)

2

q21

]
,

Fi (0; 0, 0) =
1

md,i

[
1

4π2
− 8mc,i

∫
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(2π)4
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D3
i (k
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]
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Light-by-Light / meson to two photons
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Light-by-Light

set π0 η η′ η + η′ PS
GI 5.05 0.55 0.27 0.82 5.87
GII 5.05 0.59 0.48 1.08 6.13
GIII 5.05 0.53 0.18 0.71 5.76
GIV 5.10 0.49 0.25 0.74 5.84

Table: Contribution pseudoscalar mesons into AMM of muon for different
parametrization of model. All number times on factor 10−10.

set a0(980) σ f0(980) S π0 + σ PS+S
GI 0.0064 0.100 0.0035 0.110 5.15 5.98
GII 0.0079 0.100 0.0038 0.110 5.15 6.24
GIII 0.0058 0.100 0.0034 0.109 5.15 5.87
GIV 0.0060 0.115 0.0038 0.126 5.25 5.97

Table: Contribution scalar mesons into AMM of muon for different
parametrization of model and general contribution with pseudoscalar
mesons. All number times on factor 10−10.



Light-by-Light
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Light-by-Light

Model π0 η η′ π0 + η + η′

VMD 5.74 1.34 1.19 8.27(0.64)
ENJL 5.6 8.5(1.3)
LMD+V 5.8(1.0) 1.3(0.1) 1.2(0.1) 8.3(1.2)
NJL 8.18(1.65) 0.56(0.13) 0.80(0.17) 9.55(1.66)
(LMD+V)′ 7.97 1.8 1.8 11.6(1.0)
oLMDV 7.2(1.2) 1.45(0.23) 1.25(0.2) 9.9(1.6)
NχQM 6.5
HM 6.9 2.7 1.1 10.7
DIP 6.54(0.25)
DSE 5.75(0.69) 1.36(0.30) 0.96(0.21) 8.07(1.20)
Our results (NχQM) 5.01(0.37) 0.54(0.32) 0.30(0.18) 5.85(0.87)

Table: Contribution pseudoscalar mesons into AMM of muon for models.
All number times on factor 10−10.

[DRZ (EPJC 71 1702 (2011))]



Conclusion

◮ The total contribution of pseudoscalar exchanges
aLbL,PS

µ = (5.85 ± 0.87)1̇0−10 is approximately by factor 1.5 less
than the most of previous estimates..

◮ The scalar mesons contribution is positive and partially cancels
model dependence of the pseudoscalar contribution. The
combined value for the scalar–pseudoscalar contribution is
estimated as aLbL,PS+S

µ = (6.25 ± 0.83)1̇0−10


