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         To compare theoretical results and experimental data one often uses the concept of quark-hadron duality,    

 which establishes a bridge between quarks and gluons, a language of theoreticians, and real measurements with 

hadrons performed by experimentalists.  

        The idea of quark-hadron duality was formulated by Poggio, Quinn, and Weinberg  (1976) as follows:  

Inclusive hadronic cross sections, once they are appropriately averaged over an energy interval, must  

approximately coincide with the corresponding quantities derived from the quark-gluon picture 

       There are various areas of hadronic physics dealing with different manifestations of quark-hadron duality. 

In the talk we concentrate on physical quantities and functions which are defined through the Drell ratio, R(s) = 

σ(e+e− → hadrons)/σ(e+e− → μ+μ−), and for which a corresponding interval of integration involves  a low 

energy region (about 1 GeV and less) and therefore  a standard perturbative QCD description can not be directly 

applied. 

      Clearly that it is fruitful to connect measured quantities with ``simplest" theoretical objects. Some single-

argument functions which are directly connected with experimentally measured quantities can play the role of 

these objects. The Adler D-function (Euclidean quantity) turned out to be a smooth function without traces of 

the resonance structure of  the R(s) is a convenient object for comparing theoretical results with experimental 

data, and one can expect that it more precisely reflects the quark-hadron duality.  
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      In 1974  S. Adler [Phys. Rev. D 10] observed that whereas R(s)  (the normalized  cross-section  

for the process e+e-  annihilation into hadrons) is measured in the timelike region the natural place 

to compare experiment with scaling predictions of various theories in QCD is in the spacelike 

region and consequently he suggested to use the function T(−s) which is the first derivative of R(s). 

    In 1976  A. De Rujula and H. Georgi [Phys. Rev. D 13] used a modified version of this idea, 

defining     D(s) = -sT(−s).                  (-s=Q2 >0  in the Euclidean region) 

The function D(Q2) has been revived under the name of the ``Adler function”.                                      

The D-function was used in many  papers, among which (more recent) are following: 
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  A. N. Sissakian, I. L. Solovtsov, O. P. Solovtsova, A Nonperturbative a -Expansion  Technique and 

the Adler D –function,  JETP Letts. (2001) 

         The experimental D-function (dashed curve) turned out to be a smooth and monotone function without 

traces of the resonance structure. 

         The theoretical approach VPT *)  which we used in this study (solid line) describes experimental curves 

rather well for the whole interval including the infrared region. Note that any finite order of the operator 

product expansion (OPE) fails to describe the infrared tail  of the D-function (dotted curve) .  

Behaviour of Adler D-function 
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*) Variation  Perturbation Theory (VPT)  is the ghost-free modification of pQCD [A.N. Sissakian,  I.L. Solovtsov, 

«Variational expansions in quantum chromodynamics», Phys. Part. Nucl. 30, 461-487 (1999)]. 

Expt. and PT + OPE curves from paper  by         S. 

Peris, M. Perrottet, and E. de Rafael, JHEP 05, 

011 (1998) 

Data from  the paper by S. Eidelman, F. Jegerlehner, 

A.I. Kataev, O. Veretin, Phys. Lett. B (1999) 
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The Adler function from  e+e− → hadrons data  
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Data from F. Jegerlehner (2008) 
Figures from the  paper  S. Eidelman, 

 F. Jegerlehner, A.I. Kataev, O. Veretin,  

Phys. Lett. B (1999). Experimental errors are small. 

The Adler function provides a way of comparing theoretical predictions from QCD 

with timelike experimental e+e− → hadrons data. 



Some results 
 The  method has been proposed by Igor Solovtsov and has been reported at Baldin semina  in 

2006 (see I.L. Solovtsov, Nonperturbative expantion method in QCD and R-related quantities, 

Proceedings of the XVIII International Baldin Seminar on High Energy Physics Problems 

Dubna, September 25-30, 2006, Editors: A. N. Sissakian V. V. Burov A. I. Malakhov, Vol. I, pp.  28-35.) 

Following quantities and functions have been investigated: 
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To this list we add             and  

 

A common feature of all these quantities and functions is that they are 

defined through the function R(s) integrated with some other function. 

By definition, all these quantities and functions include an infrared 

region as a part of the interval of integration and, therefore, they cannot 

be directly calculated within perturbative QCD. 
Hadronic contribution to the shift 

of the fine structure constant at 

the scale of the Z-bozon mass. 



About method 
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           The method includes the non-perturbative approach based on the idea of variational perturbation theory 

which combines an optimization procedure of variational type with a regular method of calculating 

corrections. In the case of QCD the non-perturbative expansion parameter, a, obeys an equation whose 

solutions are always smaller than unity for any value of the original coupling constant. An important feature 

of this approach is the fact that for sufficiently small value of the running coupling the a -expansion 

reproduces the standard perturbative expansion, and, therefore, the perturbative high-energy physics is 

preserved. In moving to low energies, where ordinary perturbation theory breaks down, the parameter a 

remains small and we still stay within the region of applicability of the a-expansion method. 

           

 

          Summation of threshold singularities was performed. 

          Nonperturbative character of the light quark masses was taken into account. 
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    Note 

694.9 (3.7) – expt. (one of set of results) 

VPT,Solovtsov, 2006  

D.V. Shirkov and I.L.Solovtsov, 

«Analytic QCD running coupling 

with  finite IR behavior and  

universal alpha_s(0) value»,  

Phys.  Rev.  Lett. 79  (1997) 

1209. 

Some numerical results 

It was obtained a good agreement between our  results and the experimental data down to the lowest  

energy scale for both Minkowskian (timelike) and Euclidean (spacelike) quantities.  

There is a question: Wy? 
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The  method based on the analytic 

perturbation theory (APT) leads to 

very close result. 



Basic relations for investigation 
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Relations between R and D function  
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We concentrate on a study of cases when a process can be described in terms of 

Minkowskian or Euclidean variables equivalently. 

The simplest case ->  running coupling 

Other case  -> hadronic tau decays 

One more case ->  hadronic contribution to the muon anomalous magnetic moment (AMM) 

 



It is very important that the method used maintains the correct analytic properties.  

The VPT (as APT) preserves the correct analytic properties and leads to a selt-consistent 

definition of analytic continuation. 
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LO  PT coupling 
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Numerical result 
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What we can say about connection between kernels M(s)  and  E(t) in the case when  



 Compare with  

This relation is similar to D-function definition.  

M(s) should be an analytic function with a cut 

along the negative real axis. 

XXI Baldin Seminar, Sept. 13, 2012 



 

 

 

 

 

 

 

 

             

XXI Baldin Seminar, Sept. 13, 2012 



 

 

 

 

 

 

 

 

             

XXI Baldin Seminar, Sept. 13, 2012 



 

 

 

 

 

 

 

 

             

XXI Baldin Seminar, Sept. 13, 2012 



XXI Baldin Seminar, Sept. 13, 2012 

Summary 

We have analyzed various physical quantities and functions 

generated by R(s) based on the nonperturbative VPT-method  

(Adler functions, hadronic contributions to anomalous 

magnetic moments of leptons and so on.).  

It was showed that VPT-method allows us to describe  these 

quantities well down to low energy scale. 

We investigate the reason of such good agreement and as a 

result  we formulate a criterion which we name as the R-D self-

duality. 



Thanks for your                            
.                    attention ! 


