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Outline:  

•  Stability of the QCD predictions for R = FL / FT and azimuthal  
    cos 2φ asymmetry in heavy quark leptoproduction : 
 Perturbative stability; 
 Parametric stability; 
 Stability under DGLAP evolution 
 

•  Analytic hadron-level results for FL / FT and cos 2φ  

   asymmetry at low x<<1 

 
•  Application of the stability: 
  Extraction of the structure functions from  
     (experimentally measured) reduced cross sections; 
  Determination of the charm content of the proton 
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1. Definitions and Cross Sections 

We consider the Callan-Gross ratio R= FL/ FT  and  azimuthal cos 2φ 

asymmetry, A=2xFA/ F2 , in heavy-quark leptoproduction: 

where  and                  are usual DIS observables 

Corresponding cross section is: 



The NLO contributions are usually presented in the form: 

The hadron-level results are: 

Laenen, Riemersma, Smith, Neerven, NPB 392 (1993) 162 

The leading mechanism is the photon-gluon fusion 

Leveille, Weiler, PRD 24 (1981) 1789 
Watson,  Z. Phys. C 12 (1982) 123 



2. Perturbative Stability of R = FL / FT  



2. Perturbative Stability of R = FL / FT  



2. Perturbative Instability of FT 



3. Perturbative Stability of A = 2xFA / F2  

 Exact NLO results for A are not 

yet available. 
 The soft-gluon (threshold) NLO 
NLL corrections are presented. 

Laenen ,Moch, PR D 59 (1999) 034027 
Ivanov, Kniehl, Eur. Phys. J. C 59 (2009) 647 



4. Analytic LO Results for R = FL / FT  

The low-x behavior of cross sections is determined by the low-x 
asymptotics of the gluon PDF: 

We derive compact low-x approximation formulae for the ratio 

i.e. the quantity R2
()(Q2) 



4. Analytic LO Results for R2 = 2xFL / F2  

Ivanov, Kniehl, Eur. Phys. J. C 59 (2009) 647 



6. Stability under DGLAP evolution 

 QCD predictions for 
R2

()(Q2) depend weakly on   
practically in the entire region 
of Q2 for 0.2 <  < 0.9 
 Hadron-level predictions 
for R2

()(Q2) are stable not 
only under NLO corrections 
to the partonic cross sections, 
but also under the DGLAP 
evolution of the gluon PDF 



7. Applications: Extraction of Structure Functions 

Usually, it is the so-called ”reduced cross section” that can directly be 
measured in DIS experiments: 

We propose to use the following expression with the quantity 
R2

()(Q2) calculated in LO approximation: 



7. Applications: Values of F2
c (x,Q2) 

 extracted from the HERA measurements 



The ratios R= FL/ FT  and A=2xFA/ F2 in heavy-quark 
leptoproduction are perturbatively stable within the FFNS. 
The quantities  FL/ FT  and 2xFA/ F2 are sensitive to resummation 
of the mass logarithms of the type αs ln(Q2 / m2) within the VFNS. 

These facts together imply that (future) high-Q2 data on the ratios   
R= FL/ FT  and A=2xFA/ F2 will make it possible to probe the 
heavy-quark densities in the nucleon, and thus to compare the 
convergence of perturbative series within the FFNS and VFNS. 

Our approach is based on following observations: 

Remember that, within the VFNS, the heavy-quark content of the 
proton is due to resummation of the mass logarithms of the type  
αs ln(Q2 / m2) and, for this reason, closely related to behavior of 
asymptotic perturbative series for high Q2. 

8. Applications: Determination of the charm content 
of the proton 



The leading mechanism is the photon-gluon fusion 
 

Leveille, Weiler, PRD 24 (1981) 1789 
Watson,  Z. Phys. C 12 (1982) 123 



pQCD Predictions for F2 and R 

Resummation for R= FL/ FT 

Resummation for F2 

For F2  the NLO and resummation  
contributions  are  very  close  

CTEQ6M PDFs are used for estimates 

110x



Main Conclusions 

3.  High-Q2 data on ratios   R= FL/ FT  and A=2xFA/ F2 will 
make it possible to probe the heavy-quark densities in the 
nucleon and thus to compare convergence of perturbative 
series within the FFNS and VFNS. 

1. The pQCD predictions for R= FL/ FT and A=2xFA/ F2 are 
 sufficiently insensitive (to within ten percent) to: 
 radiative NLO corrections; 
 standard uncertainties in the QCD input parameters (R, 

F, QCD, and PDFs); 
 DGLAP evolution of the PDFs. 

2. The quantities  FL/ FT  and 2xFA/ F2 are sensitive to resum- 
mation of the mass logarithms of the type αs ln(Q2 / m2). 




