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Feynman path approach

Ψ(t) =

∫
Dη

C
e

i
~St,t0

[η]Ψ(t0) ⇒ i~
d

dt
Ψ(t) = HΨ(t)

? Energy is not defined.

Functional integration =⇒ method of solution of second
order di�erential equations of the type
bfi d

dt Ψ(t) = HΨ(t) ⇒ Energy is not �xed.

Stationary problems. Energy is �xed.
HΨE = EΨE ⇒ FI representation ?
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Lx = −1

2

d2

dx2
+ W(x).

Equation Formal solution

1 i d
dtΨ = LxΨ, Ψ = e−itLxΨ0 = UtΨ0

2 LxΨ = J, Ψ = 1
Lx

J =
∞∫
0

dv e−vLJ =
∞∫
0

dv U−ivJ

3 LxΨ = 0, Ψ = δ(Lx)u0 =
∞∫
−∞

dt
2π e−itLxu0 =

∞∫
−∞

dt
2π Utu0

Ut = e−itLx → Uz = e−izLx , z = t + iv
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Homogeneous equation Lxu(x) = 0

Uz(x) = Uzδ(x) = e−izLxδ(x), z = t + iv ∈ C

LxUz(x) = i
d

dz
Uz(x)

u(x) =

z+∫

z−

dz Uz(x), Contour : Γ = {z− < z < z+ ∈ C}

Lxu(x) = i

z+∫

z−

dz
d

dz
Uz(x) = i[Uz+(x)−Uz−(x)] = 0

Problem is to �nd
analytical properties of Uz(x) in the complex plane z ∈ C

two contours Γ ∈ C with Uz+(x) = Uz−(x) = 0.
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Stationary Schroedinger equation

[
− ~

2

2m

d2

dx2
+ V(x)

]
Ψ(x) = EΨ(x), LxΨ(x) = 0

Lx = Hx − E =

[
− ~

2

2m

d2

dx2
− TE(x)

]
, TE(x) = E− V(x)

.
Uz(x) = e−i z

~Lxδ(x), LxUz(x) = i~
d

dz
Uz(x)

.

ΨΓ(x) =
∫
Γ

dz Uz(x), Γ = {z = t + iv ∈ C}
Uz(x) = e−i z

~Lxδ(x) =

=
√

m
2iπ~ · e

i
~

(
mx2

2z
+Ez

)

√
z

∫
η(0)=η(1)=0

Dη
C e

i
~

1∫
0

dτ[m
2 η̇2(τ)−zV(xτ+

√
z η(τ))]
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Semiclassical approximation ~ → 0

Ψ(x) =

∫

Γ

dz√
z
e

i
~Ez

∫

χ(0)=0,χ(z)=x

Dχ

C
e

i
~

z∫
0

dτ

[
mχ̇2(τ)

2 −V (χ(τ))

]

Saddle point method over

{
functional variable χ,
complex variable z

Ψ±(x) =
C±(

e∓i π
3 κ2(x) + p2(x)

) 1
4

e±
i
~

x∫
dx′

√
e∓i π

3 κ2(x′)+p2(x′), p2(x) > 0

Ψ±(x) =
C±

(κ2(x) + |p2(x)|) 1
4

e±
1
~

x∫
dx′
√

κ2(x′)+|p2(x′)|, p2(x) < 0

κ(x) =

(
mV ′(x)~

2

) 1
3

.
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Elastic scattering

Ψ(x) = e ikx + Φ(x), Φ(x) → f (k , θ)
e ikr

r
, (

− 1

2m

d2

dx2
+ V (x)− k2

2m

)
Φ(x) = −V (x)e ikx

Φ(x) = − 1

− 1
2m

d2

dx2 + V (x)− k2

2m − i0
V (x)e ikx = −i

∫
dyV (y) e ikyI (y, x, k)

I (y, x, k) =

∞∫

0

m
3
2 dt

(2πit)
3
2

e
i
2

(
tk2

m + (x−y)2m
t

) ∫
Dξ

C
e

i
t∫
0

dτ

[
m
2

˙ξ
2
(τ)−V( x

t τ+(1− τ
t )y−ξ(τ ′))

]

ξ(0) = ξ(t) = 0.
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Scattering amplitude

f (k , θ) =
m

2π

∫
dyV (y) e iqy

∫
Dξ

C
e

i
∞∫
0

dτ

[
m
2

˙ξ
2
(τ)−V(voutτ+y−ξ(τ))

]

,
ξ(0) = ξ(∞) = 0

q = kin − kout , vout =
kout

m
=

kn

m
, q2 = 4k2 sin2 θ

2
.
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Conclusion

The path integral representation for general solutions of
homogeneous second order di�erential equations is formulated.
The method is tested on well known examples for wich the exact
solution is known.
This method is implied to �nd general solutions of the stationary
Schroedinger equation in the non-relativistic quantum mechanics.
The semiclassical approach, which is �nite at the turning points, is
obtained. The transmission probability through one-dimensional
barrier is calculated.
The path integral representation for elastic potential scattering
amplitude is found.
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