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3.) There is another approach in the framework of the latter direction which is 
based on the investigation of the asymptotic behavior of the vacuum averaging (of 
Green’s functions) of the scalar charged particle currents in the external gauge 
field. This functional integral representations can be used for obtaining of the 
nonrelativistic SE solution in the Feynman functional integral form with the 
potential consisting of necessary relativisticcorrections.



1.Bound states in the functional approach

Let us determine the mass of a bound state by investigating the asymptotic behavior of

the polarization loop function for the charged scalar particle in the external gauge field.

(1.1)

The Green function Gm(y; xjA) for the scalar particle in the external gauge field is 

determined from the equation

(1.2)

When averaging over the external gauge field A(x); let us consider only the lowest 

order or only the two-point Gauss correlator

(1.3)

where J(x) is the real current. The propagator of the gauge field has the following form:

(1.4)



So the external field exists only in a virtual state. The mass of the bound state is 

usually defined through the loop function in the following way:

(1.5)

The solution of (1.2) can be represented as a functional integral in the following way :

(1.6)

where the following notation is used:

(1.7)

with the normalization

where N is the normalization constant and 



One can obtain for the loop function

(1.8)

Here

(1.9)

and

(1.10)

We determine the polarization loop function for two charged scalar particles in the external

gauge field with masses                  . On the other hand, the functional integral represented

in (1.9) is analogous to the Feynman path integral for the motion of two particles with

masses                in the nonrelativistic quantum mechanics. The interaction between these

particles is described by the expression (1.10) which contains the potential and nonpotential

parts, in particular,              ;2   define nonpotential interactions, and             defines  potential 

interactions of a nonlocal nature. Then the interaction Hamiltonian can be

represented in the form

(1.11)



From the SE

the                   - eigenvalues of the Hamiltonian (1.11) can be determined. According to

(1.12), the functional integral in (1.9) in the                               limit can be represented as:

(1.12)

In this approximation the integral in (1.9) is evaluated by the saddle-point technique

and, hence, for the bound state mass we obtain

(1.13)

and for j we get the following system of equations:

(1.14)

We have for the masses

(1.15)

and

(1.16)

Thus, we can determine the mass and constituent mass of bound state systems taking

into account relativistic corrections.



2. The interaction Hamiltonian
The total interaction Hamiltonian of quarks is represented as:

where Hc is the central Hamiltonian

(2.18)

The spin-orbit part:

Here            – is the spin-spin interaction:

(2.17)

(2.19)

(2.20)

and spin-orbit interaction:

(2.21)



the tensor interaction:

he v Here Vv - is potential that corresponds to the one-gluon exchange:

(2.22)

and Vs - is the confinement potential

(2.23)

where:

(2.24)

(2.25)



2.1 Determination of the energy spectrum
Now, we proceed to the determination of the quarkonium energy spectrum. The SE

we will solve using the oscillator representation method (OR).

Dineykhan M. et al. Oscillator Representation in Quantum Physics. Lecture Notes in

Physics. Berlin: Springer-Verlag. 1995. V. 26.

According to OR method the variables should be transformed in the following way:

As a result we get the modified SE in a d-dimensional auxillary space       . The orbital

quantum number ` enters the definition of the space dimension d. In the modified SE

the energy spectrum in       equals zero:

(2.26)

(2.27)

(2.28)

(2.29)

The interaction Hamiltonian is represented in a correct form over the creation

and annihilation a operators: (2.30)



Here        is a free oscillators Hamiltonian:

and        is the ground state energy in a zero approximation of OR:

(2.31)

(2.32)

We used the following notations:

(2.33)



The interaction Hamiltonian HI is also represented in the correct form over the 

creation  a+ and annihilation a operators and doesn’t contain the quadratic terms of 

the canonical variables:

(2.34)

Here :      : is the correct form symbol, we used the notations:

The absence of the quadratic terms of the field operators in the interaction 

Hamiltonian in QFT is equivalent to the condition:
(2.35)



2.2 Determination of the ground state mass 

spectrum and WF of the mesons consisting of b 

and c quarks
We determine the properties mesons taking into account only

spin-spin interaction. From (2.33) we have:

where s - is the spin of the mesons. The oscillator frequency:

(2.36)

(2.37)



and for the ground state energy:

The mass of the singlet and triplet states are defined from the Eqs.:

(2.38)

(2.39)

The experimental fitting of current masses of c and b quarks:

(2.40)



The coupling constant of the quark-gluon interaction is determined as:

where nf is the flavor number,

The obtained results are in Table 1. According to (2.40) we take the following values

of the current masses of quarks: mc = 1,275 GeV and mb = 4,62 GeV The oscillator

frequency and the constituent quark masses are defined from the Eqs. (2.40) and (2.40)

with the accuracy

is the confinement scale of heavy quarks.

for the charmonium.

The wave function at the origin :

where

(2.42)

(2.43)



In particular

The lepton decay consant of vector and pseudoscalar mesons:

(2.44)

where            is a mass of vector and pseudoscalar mesons.

The lepton decay width of vector mesons is defined from:

(2.45)

(2.46)

where - is the electromagnetic coupling constant; - charge of a quark,

- is a mass of the vector mesons .



Table 1. The ground state mass spectrum of the mesons consisting of b and c quarks.



2.3 Determination of the mass spectrum of 

mesons with orbital excitement

In this case for the oscillator frequency we have:

and for the energy:

(2.47)

(2.48)

The results are (Table 2 and Table 3):



Table 2. The charmonium mass spectrum with orbital excitements.



Table 3. The bottomonium mass spectrum with orbital excitements.



The energy spectrum has the form:

2.4 The mass and energy spectrum of the mesons with radial 

excitement.

(2.49)

where is the central part Hamiltonian,

The interaction Hamiltonian is:

– is the spin part.

(2.50)



The energy spectrum with radial excitement:

The oscillator frequency is defined from

(2.51)

The obtained result are represented in Table  4

(2.52)



Table 4. The mass spectrum of mesons consisting of b and c quarks

with radial excitement.



3. The E1 transition

The matrix element of E1 transitions from

states has the form:

(3.53)

where parentheses represent the simple 3j symbol,      – is a quark charge and       – is 

the radial matrix element of the transition:

(3.54)

where – is radial WF of the initial and final states. Then the radiative decay with is:

(3.55)



where k – is momentum of a photon:

and                are the initial and final state masses. Statistical factor 

(3.56)

is

After some simplification we get

(3.57)

and

(3.58)

(3.59)

here

This integral at certain values of n1 and n2 is evaluated analytically.

(3.60)



Table 5. The radiactive decay with results



4.Conclusion

1) On the basis of the investigation of the asymptotic behaviour of the 

correlation functions of the corresponding field currents with the 

corresponding quantum numbers the analytic method for the 

determination of the mass spectrum and decay constants of mesons 

consisting of c and b quarks with relativistic corrections is proposed.

2) The dependence of the constituent mass of quarks on the current mass    

and on the orbital radial quantum numbers is analytically derived.

3) The mass and wave functions of the mesons are determined via the 

eigenvalues of nonrelativistic Hamiltonian in which the kinetic energy term 

is defined by the constituent mass of the bound state forming particles and 

the potential energy term is determined by the contributions of every 

possible type of Feynman diagrams with an exchange of gauge field.

4) In the framework of our approach the mass splitting between the singlet 

and triplet states is determined and the E1 transition rates in the cc, bb and 

bc systems are calculated.


